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Moduli of smoothness play a basic role in approximation theory, Fourier 
analysis and their applications. For a given function ƒ, the domain of which is 
a (bounded) interval Z), they essentially measure the structure or smoothness 
of ƒ via the rth (symmetric) difference 

Ar
hƒ(x) := J2 Q (-*)*ƒ(* + rh/2 ~ kh) 

(with the convention that Ar
hf(x) = 0 if x ± rh/2 £ D). In fact, for functions 

ƒ belonging to the Lebesgue space LP(D), 1 < p < oo, or the space C(D) 
(p = oo) of continuous functions, the classical rth modulus 

(1) W(/ ,*)p:= sup | |Aj;/ | |p 
\h\<t 

has turned out to be a rather good measure for determining the rate of conver­
gence of best approximation or of particular linear approximation processes. 

For example, for 27r-periodic functions ƒ, D. Jackson (1911) and S. N. Bern­
stein (1912) showed that the error of best approximation En(f)p by trigono­
metric polynomials of degree at most n has the same rate of convergence as 
the rth modulus in the sense that, for 0 < a < r, 

(2) u<-(f,t)p=d?(ta) (t-+0)*E*n(f)p=d?(n-a) ( n - o o ) . 

In the case of algebraic approximation, however, that is by algebraic polyno­
mials pn G &n of degree at most n, this result is no longer true. Though one 
has here the direct estimate 

En(f)p'-= mf \\f-to\\P<Ku,'(f±) , 
pne^n \ njp 

given in the doctoral thesis of D. Jackson (1911), it was observed by S. M. 
Nikolskii (1946) that for functions ƒ satisfying 

(3) u'(f,t)p=d?(ta) (0<a<r), 

the polynomial pn G &n of best approximation has a faster rate of convergence 
near the boundary of D than in the interior. In fact, it was the Russian school 
in approximation, in particular A. F. Timan (1951) and V. K. Dzjadyk (1959), 
that succeeded in characterizing (3) in terms of algebraic polynomials for 
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p = oo and D = [—1,1]. They showed that (3) is equivalent to the existence 
of a sequence of pn G £Pn such that 

(4) |ƒ(*) -Pn(x)\ = <?(6%(x)),6n(x) := (*>(*) + ± ) j n 

uniformly in x G [—1,1], where they brought in the weight (p(x) := y/1 — x2. 
However, for only integrable functions ƒ G Lp(—1,1), 1 < p < oo, (4) has 

no longer sense; even 

mf l l * r [ / - P n ] | | P = ^ ( l ) 

is not equivalent to (1) as pointed out by V. P. Motornii (1971) and R. DeVore 
(1978). The reason may be due to the fact that one should not consider (4) 
but 

(5) En(f)p=&(n-<*) (0<a<r) 

and characterize it by a suitable modification of the classical modulus. This 
long-outstanding problem was only solved in 1980 by two schools of approxi­
mation. Thus K. G. Ivanov (announced in 1980, proofs followed only in 1983) 
modified the so-called r-modulus, developed and studied intensively by the 
Bulgarian school (e.g., B. L. Sendov (1968), A. Andreev, V. A. Popov), to the 
weighted one 

* • ; ('•a-hK)i 
with local modulus (x G [—1,1]) 

Thus, (5) is equivalent to 

(6) r ; ( / , l / n ) p = ^ ( n - a ) (0 < a < r). 

In the alternative approach by Butzer, Stens, Wehrens (1976/1980) the 
classical translation f(x + h) is replaced by the so-called Legendre translation 

(tfƒ)(*):= £ T f{xh + uy/{l-x*)(l-h*))-^L=; (x,he[-l,l)); 
7T J-i \/l-U2 

it has the same properties with respect to the Legendre transform (e.g., mul­
tiplier operator) as has f(x + h) with respect to the finite Fourier transform. 
In this frame they defined the rth modulus of continuity by 

wi(f,t)P:= sup l l A ^ A ^ - . - A ^ / H 
l-t<hj<l F 

with difference A£ ƒ := rfc f — ƒ, and established not only the complete ana­
logue of the Jackson-Bernstein result (2) for En(f)p but also Steckin and 
Zamansky-type estimates. In (2) one just has to replace ur by CJ^, a by 2a 
and t —• 04- by t —• 1—. (See also Stens [2].) The case of weighted Lp-spaees 
with Jacobi weights can be handled by using a Jacobi translation instead. 

Apart from the theory of best approximation, another field in the broad 
area of approximation theory is the study of various linear approximation 


