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NONLINEAR FOURIER ANALYSIS 

STEPHEN SEMMES 

What is nonlinear Fourier Analysis? Let us consider an example. 
Let Q be a domain in the plane bounded by a Jordan curve T that goes 

to oo. Let O be a Riemann mapping of the upper half-plane onto £2. 
How does O behave as a function of T? Is it continuous? smooth? real-

analytic? Let's think of ourselves as calculus students; we are presented 
with this function, and we want to study its basic properties. 

Of course, the Riemann mapping is not uniquely determined by the 
curve, and we have to do something about that. Let's ignore that issue for 
the moment. 

There is a more serious problem with the question we've raised. To 
talk about the continuity of this function, we need to specify a domain of 
definition for it, the range space for its values, and topologies for both. To 
consider smoothness or real-analyticity, we need more structure on both 
the domain and range. 

This brings us to another component of the above question: What are 
the most natural choices for the domain and range? We would like the 
domain to be as large as possible so that the function is defined and well 
behaved. In this case, the domain is a space of curves, and we want in 
particular to minimize the smoothness assumptions on the curves. We 
would like for the domain to be a space of curves characterized by some 
natural geometric condition. 

There is a beautiful theorem of Coifman and Meyer [CM3] that says 
that the Riemann mapping is a real-analytic function on a natural space 
of curves, and with a natural choice of range space. It is a bit technical 
to state it precisely now, but I shall say more about it at the end of this 
section. 

The problem of understanding the Riemann mapping as a function of 
the curve is a good example of a problem in nonlinear Fourier analysis. 
There are many basic objects in mathematics which can be viewed natu­
rally as nonlinear functions in infinite dimensions, and we want to study 
their basic properties as such. 

There are also cases in which we are forced to confront such issues of 
nonlinear dependence even when the original problem does not directly 
call for it. We shall see examples of this shortly. 

The reason that this is nonlinear Fourier analysis, and not just nonlinear 
analysis, is that we often need Fourier analysis to deal with the objects that 
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arise in these problems and to obtain needed estimates for them. This is 
particularly true when we try to make optimal choices for the domain and 
range spaces. 

This subject should be viewed very broadly, but the remaining examples 
described in this first part come from a short list of problems that have 
been studied extensively by Fourier analysts in recent years. Some of the 
general ideas for treating problems like these are discussed in the second 
section. The third section is devoted to a brief description of some aspects 
of Littlewood-Paley theory, which provides important tools for doing the 
analysis. 

I shall concentrate on explaining examples and general ideas used to 
treat them at the expense of recent results and more refined techniques. 
Few details will be included, in the hope of being accessible to as large an 
audience as possible. Essentially nothing of what I discuss is due to me. 

To balance these choices a fourth section is included with a brief guide 
to some other expository papers of a more technical nature on related 
topics. Fortunately, Yves Meyer is preparing a book that will provide a 
basic reference. 

The next example that I want to discuss is the Cauchy integral operator 
CT on a curve T, viewed as an operator-valued function of the curve. This 
operator is given by a principal value singular integral: if ƒ is a function 
on T, we define Cp( ƒ ) on T by 

(1.1) CTf{z) = ^pv f £^-dw, zeT. 

This operator is probably less familiar than 

(1.2) F(Z)==JL f ISEldw, z£Y, K ' v } 2ni Jrw- z * 
which is defined and holomorphic on C\T. There is a simple formula that 
gives the boundary values of F on T in terms of ƒ and Cp ƒ « 

The operator Cp also has important but nonobvious connections with 
the Riemann mapping and PDE. In particular, the dependence of the Rie-
mann mapping on the curve T is intimately related to the dependence of 
CT on T. 

As before, we not only want to study the dependence of Cp on T, but 
we also wish to choose an optimal space of curves on which to work. To 
simplify the discussion, we shall restrict ourselves to curves that are graphs, 
and work with a slightly simplified operator. 

Given A: R -» R, we define an operator TA, acting on functions ƒ defined 
on R, by 

(1.3) TAf(x) = pv j°° J^\—jr-^dy, x e R. 
v ; J-cox-y+ i(A(x)-A(y)) y 

This is the Cauchy integral on the graph of A written in terms of the 
graph parameterization x -» x + iA(x), except that we dropped a factor of 
1 + iA'{y) when we replaced dz by dy, and we also threw away a factor 
of -1/27T/. 


