BULLETIN (New Series) OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 20, Number 1, January 1989

NONLINEAR FOURIER ANALYSIS

STEPHEN SEMMES

What is nonlinear Fourier Analysis? Let us consider an example.

Let Q be a domain in the plane bounded by a Jordan curve I'" that goes
to co. Let @ be a Riemann mapping of the upper half-plane onto Q.

How does ® behave as a function of I'? Is it continuous? smooth? real-
analytic? Let’s think of ourselves as calculus students; we are presented
with this function, and we want to study its basic properties.

Of course, the Riemann mapping is not uniquely determined by the
curve, and we have to do something about that. Let’s ignore that issue for
the moment.

There is a more serious problem with the question we’ve raised. To
talk about the continuity of this function, we need to specify a domain of
definition for it, the range space for its values, and topologies for both. To
consider smoothness or real-analyticity, we need more structure on both
the domain and range.

This brings us to another component of the above question: What are
the most natural choices for the domain and range? We would like the
domain to be as large as possible so that the function is defined and well
behaved. In this case, the domain is a space of curves, and we want in
particular to minimize the smoothness assumptions on the curves. We
would like for the domain to be a space of curves characterized by some
natural geometric condition.

There is a beautiful theorem of Coifman and Meyer [CM3] that says
that the Riemann mapping is a real-analytic function on a natural space
of curves, and with a natural choice of range space. It is a bit technical
to state it precisely now, but I shall say more about it at the end of this
section.

The problem of understanding the Riemann mapping as a function of
the curve is a good example of a problem in nonlinear Fourier analysis.
There are many basic objects in mathematics which can be viewed natu-
rally as nonlinear functions in infinite dimensions, and we want to study
their basic properties as such.

There are also cases in which we are forced to confront such issues of
nonlinear dependence even when the original problem does not directly
call for it. We shall see examples of this shortly.

The reason that this is nonlinear Fourier analysis, and not just nonlinear
analysis, is that we often need Fourier analysis to deal with the objects that
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arise in these problems and to obtain needed estimates for them. This is
particularly true when we try to make optimal choices for the domain and
range spaces.

This subject should be viewed very broadly, but the remaining examples
described in this first part come from a short list of problems that have
been studied extensively by Fourier analysts in recent years. Some of the
general ideas for treating problems like these are discussed in the second
section. The third section is devoted to a brief description of some aspects
of Littlewood-Paley theory, which provides important tools for doing the
analysis.

I shall concentrate on explaining examples and general ideas used to
treat them at the expense of recent results and more refined techniques.
Few details will be included, in the hope of being accessible to as large an
audience as possible. Essentially nothing of what I discuss is due to me.

To balance these choices a fourth section is included with a brief guide
to some other expository papers of a more technical nature on related
topics. Fortunately, Yves Meyer is preparing a book that will provide a
basic reference.

The next example that I want to discuss is the Cauchy integral operator
Cr on a curve I', viewed as an operator-valued function of the curve. This
operator is given by a principal value singular integral: if f is a function
on I', we define Cr(f) on I by

L [fw)
(1.1) Crf(z)= 2m_p'u/l_w_zdw, zel.
This operator is probably less familiar than
f(w)
(1.2) F(z)= 37 / dw z¢T,

which is defined and holomorphic on C\F. There is a simple formula that
gives the boundary values of F on I' in terms of f and Crf.

The operator Cr also has important but nonobvious connections with
the Riemann mapping and PDE. In particular, the dependence of the Rie-
mann mapping on the curve I is intimately related to the dependence of
C]" onT.

As before, we not only want to study the dependence of Cr on I', but
we also wish to choose an optimal space of curves on which to work. To
simplify the discussion, we shall restrict ourselves to curves that are graphs,
and work with a slightly simplified operator.

Given 4: R — R, we define an operator 7, acting on functions f defined
on R, by

(13)  Taf(x)=pv /°° S ) dy, xeR

—00 X — ¥+ i(A(x) — A(y))
This is the Cauchy integral on the graph of 4 written in terms of the
graph parameterization x — x + iA(x), except that we dropped a factor of
1 + iA'(y) when we replaced dz by dy, and we also threw away a factor
of —1/2mi.
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We need to choose a domain and range for the operator-valued function
A — T,4. Let us take the range to be B(L2(R)), the Banach space of all
bounded linear operators on L2(R).

We want to choose the domain of 7 to be as large as possible so that
it is a smooth function of 4, or even real-analytic. Let us use the explicit
formula for T4 to compute its power series about 4 = 0. This will help us
find what conditions on A4 are needed for T4 to be smooth or real-analytic.

From (1.3) we have

00 _ -1
(14) Taf)=p [~ ;ei—y(”"%Q) f(v)dy

—Zp/ T y( )"(é%)——:—';gy—))kf(y)dy

- ST

k=0
In order for this series to have any hope to converge, we must have

AX) - AW)| _ |

xX-=y

Moreover, for each k > 1, Ty (A4) € B(L?) implies that A4 is Lipschitz,
i.e., that there is an M > 0 such that |4A(x) — A(y)| < M|x — y| for all
X,y € R. Because T|(B) is just the derivative of 4 — T4 at 4 = 0 in the
direction of B, this says that for 74 to be merely differentiable, we already
need to restrict ourselves to functions 4 that are Lipschitz.

This suggests that the natural domain for 74 is the Banach space Lip of
all Lipschitz functions on R. (Note that an equivalent formulation of the

Lipschitz condition on A is that 4 should be absolutely continuous and
A' € L*(R).)

THEOREM 1.5. T, is a bounded operator on L2(R) if A is Lipschitz.
Moreover, A — T, is a real-analytic map from Lip to B(L*(R)).

This theorem was proved by Calderén [C1] when ||4’'||c is small, and
by Coifman, McIntosh, and Meyer [CMM] in the general case.

I should say something about what real-analyticity means in this context.
I won’t give a precise definition yet, but it means that the power series in
(1.4) should converge absolutely in B(L2) when ||4||c is small enough,
and that an analogous power series expansion about any other 4y € Lip
should converge in a small neighborhood of A4y. In this particular case the
radius of convergence about 4y = 0 is actually 1.

The first half of Theorem 1.5 is extremely interesting in its own right.
The assumption A € Lip is very natural; it is very geometrical, involving
the right amount of smoothness, and it scales properly.

The fact that T, € B(L?) if 4 € Lip is completely inaccessible by classi-
cal techniques. Because 74 is not a convolution operator, standard Fourier
transform methods (e.g., Plancherel’s theorem) do not apply. Hilbert space
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results like the Cotlar-Stein lemma don’t work either. If A were smooth, T
could be expressed in terms of the Hilbert transform (= T, when 4 = 0)
and a simple error term, and the Hilbert transform can be dealt with using
Plancherel or Hilbert space methods. When A is merely Lipschitz, this
error term is no longer easily tractable.

In other words, when A is not smooth, you cannot simply throw it away;
when analyzing 74 f, you have to treat 4 on an equal footing with f. Thus,
although the question “Is T4 bounded on LZ if 4 is Lipschitz?” does not
superficially seem to involve the problem of the dependence of T, on A,
this issue does arise when you try to answer the question.

For example, it is natural to try to prove that T4 € B(L?) for ||4’||e < 1
by showing that each Tj(4) € B(L?) with norms that add up. Such an
approach would automatically give the real-analyticity of T4 also.

It turns out that the real-analyticity of this particular operator-valued
function T, is a soft and painless consequence of the fact that T, € B(L?)
if A € Lip. Thus, it is not only natural to consider the dependence of T,
on A when trying to prove that T, € B(L?), but in a very real sense the
two are the same problem.

The third example I want to discuss is the general problem of studying
how the solutions of a PDE behave as nonlinear functions of the coeffi-
cients.

Let us consider a specific case. Define a differential operator L on R”
by

32
(1.6) L=Y bj(x)5—5—
ij !

ox;0x;’

and let us assume that the coefficients are bounded and elliptic:
S|¢)F < Zbij(X)CiCj < CiLI*V¢ e R?,

where 0 < 0 < C < o0.
Consider solutions of the initial-value problem for the heat equation
associated to L,

%—t; =Lu, u=ux,t), u(x,0) = f(x).
We can view u as a function of both B = (b;j(x)) and f, and it is linear
in f. How does it behave as a function of B?

We can rewrite u as
u(- 1) =e ().

Thus the previous question is equivalent to asking how e’ behaves as
an operator-valued function of B. More generally, we can ask for which
functions F it is true that F (L) is defined and real-analytic in B.

Let me describe a closely related problem, often called Kato’s problem
by harmonic analysts, or the square-root problem by operator-theorists.
Let A = (a;j(x)) be a matrix-valued function on R” that is bounded, mea-
surable, and accretive. This last means that

Re (A(x)¢, ) 2 d]¢2






