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ON SINGULAR HAMILTONIANS: 
THE EXISTENCE OF QUASI-PERIODIC 

SOLUTIONS AND NONLINEAR STABILITY 

CHJAN C. LIM 

In this note, we announce results concerning the existence of quasi-
periodic solutions for a class of singular Hamiltonians, and the nonlinear 
stability of singularities (as opposed to equilibria). A third result con­
cerns the existence of bounded, connected and open invariant sets in the 
neighborhood of singularities. Historically, the existence of quasi-periodic 
solutions and nonlinear stability of equilibria for Hamiltonian systems are 
established via the KAM theorems [Al, A2, Ml, M2]. When the question 
of quasi-periodic behavior in the neighborhood of singularities is the is­
sue (as in the restricted 3-body problem near one of the primaries), the 
singularity is transformed into an equilibrium by an appropriate regular­
ization (cf. the classic papers [C and M3]). To the best of our knowledge, 
there is no regularization procedure for the class of singular Hamiltonians 
discussed here. We therefore adopt a different approach. 

Existence of quasi-periodic solutions. We consider the Hamiltonian, 
m 

(1) H(ql,...,qn]pl,...,pn) = Y,Kjl°Z\fj(zi>'>->Zn)\ 
7=1 

with the following properties 

(A) Zj = qj + ipj and Kj are real coefficients, 

(B) fj(z\,..., zn) are entire functions of n complex variables, 

(C) the zero level sets, Mj = f~l(0) are complex hyperplanes 
which intersect at a unique point, z* (without any loss in 
generality, z* = 0). 

This class of Hamiltonians arise in several applications notably Af-body 
problems. In these problems m = N(N - l)/2, the number of edges in the 
complete graph consisting of N vertices; n equals N - 1, the number of 
independent degrees of freedom after the usual reduction in the presence 
of translational symmetry. 
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It is convenient to use the complex formulation given below; the branch 
of the logarithm function is immaterial here 

m 

(2) Hein zn) = J2Kjlog[fj(zl z„)]. 

The complex equations of motion are 

(3) zj = t— , = ! , . . . , « . 

Taking real and imaginary parts, one recovers the usual Hamilton's equa­
tions 

(4) qj = Wj, pj = — , = ! , . . , « . 

In order to apply the KAM theorem in a neighborhood of the branch 
point z*, we first construct special open sets in phase space called cone 
sets that are bounded away from the singular manifolds defined in (C) and 
satisfy an additional condition on the variables z,-, 

Ml = U=(zlt...,zn)\0 < | n | < S\z2\ <ô2\z3\ < ... 
( 5 ) , 1 

<ôn-l\zn\<ône}, S = 0(e). 
Now Lemma 1 states that the Hamiltonian (1) can be written as a small 
perturbation of an integrable term in the cone sets. 

LEMMA 1. Consider the Hamiltonian (1) with the additional assump­
tions, 

for all k <m, (dfic/dzh)(z
¥) ^Ofor some h < k, but 

(dfk/dzh)(z*) = 0 forh>k. 

Then, in the open sets (5), the Hamiltonian (1) is 
(i) a O(e) perturbation of the decoupled Hamiltonian, 

(7) tfo(z) = £ r y l o g | z y | ; 
7=1 

(ii) the perturbation is real analytic in the action variables (J\,..., /„) 
and In-periodic in the angles (6\,..., dn) where zh — y/7heWft. 

SKETCH OF PROOF. In the sets M/ which lie in an e-ball centered at the 
origin z* = 0 of R2n, Taylor expansions for the entire functions /}(z) give 
(after using the complex formulation), 

m m 

(8) H = ^2Kjlog\zhU)\ + ̂ 2Kjlog\(l + 0(e)\. 
j=\ j=i 

The function h(j) < j is defined to be the largest index of the complex 
variables zt for which (dfj(0)/dzj) ^ 0. Condition (6) implies h(j) is well 


