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Why the need for generalized solutions of partial differential equations? 
It has been recognized that many equations of physics do not have clas­
sical solutions (for instance shock wave solutions of systems of conser­
vation laws). Distribution solutions—usually called "weak solutions"—of 
the model equation 

ut + uux = 0 
are defined as those integrable functions u which satisfy: V^ € W°°(R2) 
with compact support 

(1) J J ^u(xft)^(xft) + ^u2(xj)^zi//(xtt) 2 v ' Jdx 
dxdt = 0. 

In the case of linear equations a detailed theory has been developed [15, 
7]. However the situation is far from being satisfactory. Lewy [8] showed 
that the very simple linear equation 

(2) wi
u+iw2

u-2i{Xl+iX2)ir3
u=f 
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fails to have even local solutions for a large class of C°° second members 
f(x\, X2, X3). Concerning nonlinear equations the situation is by far worse, 
but several weak solution methods have been developed as surveyed in [9]. 

The contention of the author of the book under review is that this situation 
stems from the lack of a suitable mathematical setting which could offer a 
convenient nonlinear concept of generalized solutions. This setting cannot 
be the one of distributions (or ultra distributions, hyperfunctions, ... ) as 
is quite clear from an analysis of classical facts (Part I of the book under 
review and below). Now let us give an example from physics. Consider 
the following system of one dimensional elasticity [4]: 

Pt + (pu)x = 0, 
(pu)t + (pu2 + p-S)x = 0, 

(3) \ (pe)t + [peu + (p-S)u]x = 0, 
St + uSx - k2ux = 0, 

P = ®(P,I), 
where p = density, u = velocity, p = pressure, S = component Sn of the 
stress deviation tensor, e = total specific energy, I — e - u2/2 = internal 
specific energy, O is a function of two real variables and k2 is a constant. 
In the case of a shock wave these variables are simultaneously discontinu­
ous and so the term uSx appears in the form of an ambiguous product of 
a discontinuous function by the derivative of another function discontin­
uous at the same point: in short, a product of the kind Y • ô, where Y = 
Heaviside function (Y(x) = 0 if x < 0, Y(x) = 1 if x > 0) and where S 
is the Dirac mass at the origin (S(x) = 0 if x ^ 0, 3(0) so large such that 
ƒ S(X)dX = 1; one has intuitively Y' = a). The fourth equation in system 
(3) follows from Hooke's law stated as an infinitesimal linear stress—strain 
relationship in a frame of reference following the medium. For large defor­
mations and strong collisions the usual linear form of Hooke's law [5] is no 
longer valid, and it is not known how to "escape" from the above problem 
of multiplication of distributions. Empirical numerical codes have been 
built for a few years by now for the numerical simulation of collisions: one 
observes shock wave solutions which reproduce the expected physical re­
sults. The same occurs in various other physical situations (shock waves in 
elastoplasticity, acoustics in a medium with piecewise C°° characteristics). 
Note that in the book under review the author does not consider explicitly 
(3), which can however be found in references, but the simplified model 

( ut + uux = <7Xt 

\ <jt + uox = k2ux, 
on which deeper mathematical results (solution of the Cauchy problem) 
can be obtained, but which is not exactly a system of physics. As long 
as one considers that mathematics, physics and numerical tests have to fit 
together (especially in the setting of partial differential equations) this can 
be considered as a priori evidence for the need of an appropriate setting to 
define generalized solutions. 

In order to state the problem, the author begins with a review on some 
essentials in weak solutions and distributions. Among the difficulties which 


