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Why the need for generalized solutions of partial differential equations?
It has been recognized that many equations of physics do not have clas-
sical solutions (for instance shock wave solutions of systems of conser-
vation laws). Distribution solutions—usually called “weak solutions”—of
the model equation
U +uu, =0

are defined as those integrable functions u which satisfy: Yy € @ (R?)
with compact support

(1) // [u(x, t)-g—tl//(x, 1)+ %uZ(x, t)%l//(x, t)] dxdt =0.

In the case of linear equations a detailed theory has been developed [15,
7]. However the situation is far from being satisfactory. Lewy [8] showed
that the very simple linear equation

7] . 0 , .0
(2) a—)ﬁu-ua—nu-Zz(xl +lx2)8_x3u—f
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fails to have even local solutions for a large class of C* second members
f(x1, x2, x3). Concerning nonlinear equations the situation is by far worse,
but several weak solution methods have been developed as surveyed in [9].

The contention of the author of the book under review is that this situation
stems from the lack of a suitable mathematical setting which could offer a
convenient nonlinear concept of generalized solutions. This setting cannot
be the one of distributions (or ultra distributions, hyperfunctions, ...) as
is quite clear from an analysis of classical facts (Part I of the book under
review and below). Now let us give an example from physics. Consider
the following system of one dimensional elasticity [4]:

P+ (pu)x =0,

(pu); + (pu* + p— 8)x =0,
(3) (pe): + [peu+ (p — S)ulx =0,

Sy + qu - kzux =0,

p=9(p,I),

where p = density, u = velocity, p = pressure, S = component S!! of the
stress deviation tensor, e = total specific energy, I = e — u?/2 = internal
specific energy, @ is a function of two real variables and k2 is a constant.
In the case of a shock wave these variables are simultaneously discontinu-
ous and so the term uS, appears in the form of an ambiguous product of
a discontinuous function by the derivative of another function discontin-
uous at the same point: in short, a product of the kind Y - §, where ¥ =
Heaviside function (Y(x) =0 if x < 0, Y(x) = 1 if x > 0) and where ¢
is the Dirac mass at the origin (d(x) = 0 if x # 0, 6(0) so large such that
J 6(2) dA = 1; one has intuitively Y’ = J). The fourth equation in system
(3) follows from Hooke’s law stated as an infinitesimal linear stress—strain
relationship in a frame of reference following the medium. For large defor-
mations and strong collisions the usual linear form of Hooke’s law [5] is no
longer valid, and it is not known how to “escape” from the above problem
of multiplication of distributions. Empirical numerical codes have been
built for a few years by now for the numerical simulation of collisions: one
observes shock wave solutions which reproduce the expected physical re-
sults. The same occurs in various other physical situations (shock waves in
elastoplasticity, acoustics in a medium with piecewise C*® characteristics).
Note that in the book under review the author does not consider explicitly
(3), which can however be found in references, but the simplified model

U + UUy = Oy,
@ { o
0; + U0y = kuy,

on which deeper mathematical results (solution of the Cauchy problem)
can be obtained, but which is not exactly a system of physics. As long
as one considers that mathematics, physics and numerical tests have to fit
together (especially in the setting of partial differential equations) this can
be considered as a priori evidence for the need of an appropriate setting to
define generalized solutions.

In order to state the problem, the author begins with a review on some
essentials in weak solutions and distributions. Among the difficulties which
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make the distribution setting inadequate, the most famous one is probably
“Schwartz’s impossibility result” (1954) [14]:

“Suppose given an associative algebra A with a derivative D: 4 — A4
(i.e., a linear map satisfying the rule D(fg) = (Df)-g+ f-(Dg)). Suppose
further that the space Z(R) of continouous functions on R is included in
A, that the derivative D induces on %! (R) the usual derivative, that the
function 1 is the unit element of A and finally that #(R) is a subalgebra
of A. Then there is no element 6 € 4, J # 0, such that xd = 0.”

If 4 is the Dirac delta distribution (defined by the formula [ d(x)y/(x) dx
= y(0) for any text function y) then one has xd = 0 in distribution theory
(indeed xd is defined in this theory by [xd(x)y(x)dx = (xy)(0) = 0).
Therefore the algebra A cannot contain the distribution § and incorporate
the above natural definition of the product x§. (Indeed and somewhat
intuitively, the product xJ can be considered as null, but products such as
x02, x83,... appear—when one approximates J in a reasonable way—as
being “infinite” while they should still be null in the algebra A4 as long as
x0 = 0.) The commonly accepted interpretation since 1954 is that “mul-
tiplication of distributions is impossible”. Somewhat to anticipate—but
also to clarify the ideas—the interpretation within the theory presented
in Part II of the book under review, is that xJ is “infinitesimal” but not
exactly null, permitting x82,... to be large, and the “impossibility” dis-
appears. The philosophy of the “impossibility of the multiplication of
distributions” has had far reaching consequences. Considerable effort has
been invested in modifying the classical heuristic formulation of Quantum
Field Theory, so as to avoid these products, but, even in this field, physi-
cists go on introducing products of distributions. Also that philosophy
certainly delayed the emergence of nonlinear theories capable of dealing
with multiplications of distributions.

After a useful introduction (Part I) which—as far as the reviewer knows
—has not been available in such a detailed and comprehensive form, the
author undertakes the presentation of two nonlinear theories (Parts II and
III respectively) introduced earlier in [2, 3] and [12, 13]. Form the author’s
introduction “The aim of this volume is to offer the reader a sufficiently
detailed—yet easy—introduction to two of these recent nonlinear theories
[...]. This introduction aims to bring the reader to the very level of ongo-
ing research and equip him/her to pursue it if he/she wishes so. This may
sound somewhat unlikely to those who are familiar with the rather lengthy
and subtle technical intricacies of the linear theory of distributions [15,
7}1. However, as may well happen in the case of emergent theories, their
strength can rather lie in the new ideas than in techniques, and of course,
also in results these new ideas can bring about”.

In the first of these two nonlinear theories the key to avoiding the
“Schwartz impossibility result” lies in the consideration of two concepts
of equality: a strong one (denoted by =) and coherent with all opera-
tions, including multiplication, and a weak one (called “association” and
denoted by =) in general incoherent with the multiplication. Two “gener-
alized functions” can be associated with each other, yet be different, but
two associated distributions are equal. One has xé ~ 0 and xJ # 0, and






