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but rather with novel applications of the tools of the Malliavin calculus. 
While the applications using the Malliavin derivative (already discussed) 
are not mentioned by Bell, he does nevertheless present diverse applica­
tions in Chapter 7, including such disparate subjects as filtering theory and 
infinite particle systems. Here he could be a bit more authoritative: For 
example, in the filtering theory section he should mention further work, at 
least at the bibliographic level (e.g., [1, 2 and 5]). 
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Is every ideal J in the ring Z of integers principal?—that is, given an 
ideal J of Z, can we find an integer m—called a generator of J—such that 
/ = (m) s {km : k € Z}? The classical answer to this question is "Yes: 
for either J is {0} or else we can take m to be the smallest positive integer 
in r\ However, suppose we take the word "find" literally in the above 
question: is there an algorithm which, applied to any ideal / of Z, will 
compute a nonnegative integer m such that / = (m)? 

Consider the application of such an algorithm, if it exists, to the ideal 

J = (2) + {kan:k€Z,n> 1}, 
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where (an)^Lx is a binary sequence (that is, a sequence in {0,1}). If m is 
the single generator of / that is produced by the algorithm, then it is clear 
that either m = ±2 or m = ±1. In the first instance, we have an = 0 for all 
n\ in the second, choosing integers /, j , N such that 1 = 2i+ja,N, we see that 
JÜN cannot equal 0, so ax = 1. As the binary sequence (<z«)£Li *s arbitrary, 
it follows that an algorithm for constructing single generators of ideals in 
Z—even one applicable only to nontrivial ideals of Z—can be transformed 
into an algorithm which, applied to any binary sequence (an), either proves 
that an = 0 for all «, or else computes a value N with a^ = I. Let us call an 
algorithm of the latter type a binary sequence decision algorithm (bsda). It 
should require little thought to convince oneself that the existence of a bsda 
is highly unlikely; in fact, if one insists that all algorithms are recursive 
(the Church-Markov-Turing thesis), then the existence of a bsda is false, as 
it leads to a solution of the Halting Problem of recursive function theory: 
see [Bridges-Richman, Chapter 3, (1.3)]. 

Constructive mathematics, and in particular constructive algebra in the 
sense of the book under review, discusses questions, such as the one with 
which we started above, under a strict interpretation of "there exists" as 
"there is an algorithm that constructs". Following the approach begun by 
the late Errett Bishop, the authors prefer to take the notion of algorithm 
as primitive, rather than restrict themselves to any formal notion such as 
that provided by recursive function theory; compared with the recursive 
constructive mathematics advocated by Markov and Shanin [Kushner], 
Bishop's mathematics (which we shall refer to as BISH) has the advan­
tage of clarity of expression—it looks like the mathematics which we were 
taught as undergraduates; at the same time, by not specifying a formal 
notion of algorithm, Bishop's approach cannot accommodate many of the 
counterexamples that are produced by recursive mathematics. 

To answer our original question within BISH, we first define a subset S 
of a set X to be detachable if for each x in X either x e S or x £ S; that is, 
if there is an algorithm which, applied to any element x of X, outputs 1 if 
x € S, and 0 if x £ S. It is easy to prove within BISH that a nonzero ideal 
/ of Z is principal if and only if it is detachable; or, to be more precise, 
that 

(i) there is an algorithm which, applied to any detachable 
nonzero ideal / of Z, computes a single generator of / ; 
and 

(ii) there is an algorithm which, applied to any principal ideal 
/ of Z and any integer n, determines whether or not n 
belongs to / . 

Note that when we say that an ideal J is nonzero, we mean that we can 
compute a positive integer that belongs to / . The reader might like to 
consider why the word "nonzero" cannot be deleted from statement (i). 

The rather trivial mathematics associated with our question about ideals 
of Z serves to illustrate the basic difference between the constructive and 
classical approaches to mathematics. To take a less trivial, and from a 
constructive point of view much more challenging, problem, let us recall 


