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"The theory of functions of several real variables": sounds old-fashioned, 
doesn't it? But look in your copy of Hewitt and Stromberg [2] or Royden 
[3]. You'll find plenty of analysis on the real line, and plenty of analysis 
on abstract topological spaces and measure spaces, and not much in be­
tween. This gap is partly a reflection of the temper of the times; but in the 
early 1960s when these books were written, beyond the level of calculus 
there really wasn't much in between, at least not much that was ready to 
be transplanted from research journals to books. 

In the intervening quarter-century the situation has changed enormously, 
and analysis on R" is now a thriving subject. Among the main lines of de­
velopment are the following: 

(1) Banach spaces of functions and generalized functions defined in 
terms of various growth or smoothness conditions: Lp spaces, Hardy 
spaces, Sobolev spaces and their relatives, BMO, and so forth. Closely 
intertwined with this are the theory of differentiability and the study of 
approximation of arbitrary functions by suitable types of smooth func­
tions, such as trigonometric polynomials or harmonic functions. 

(2) Singular integral operators, oscillatory integral operators, and oper­
ators defined by convolutions or Fourier multipliers, and their continuity 
properties with respect to the Banach spaces mentioned above. These 
classes of operators include pseudodifferential operators and their gener­
alizations, as well as the Fourier transform. 
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(3) Nonlinear operators such as maximal functions, Littlewood-Paley g-
functions, and Lusin area integrals that can be used to control the behavior 
of functions in various ways. 

The motivation for all of this comes from several sources. Much of 
it is in response to questions that arise in partial differential equations, 
several complex variables, and other branches of analysis. Also, there is 
an obvious desire to extend the sort of detailed understanding that was 
achieved for functions of one variable in the first half of this century to 
higher dimensions. And of course, once a subject like this gets going, 
it generates its own ideas and techniques, which often turn out to have 
applications in unexpected places. 

After these generalities, let us come down to earth by contemplating a 
very concrete, very basic problem: the Lp convergence of Fourier series. 
Let Q denote the unit cube [0,1]" in R". If ƒ is a function on Rn, periodic 
with period 1 in each variable and integrable on g, we can form its Fourier 
coefficients 

f(k) = f f(x)e~27lik-xdx, k = (k{,...,kn)eZ", 
JQ 

and thence its Fourier series 

(1) Y,Kk)e2nik'x. 
kez" 

The series (1) always converges to ƒ in some weak sense, and we can ask 
whether it converges to ƒ in the Lp norm when ƒ G LP(Q). TO make this 
precise, we interpret (1) as the limit of its spherical partial sums, 

SR/(X) = £ f(k)eMk'x (\k\2 = £ > ƒ ) . 
\k\<R 

(there are other interpretations of (1), leading to other results!), and we 
ask 

Is it true that lim \\SRf - ƒ |L = 0 whenever ƒ G LP(Q)1 
R—*oo 

For p = 2 the answer is always yes, because the functions e2nik'x form 
an orthonormal basis for L2. On the other hand, for p = oo (and hence, 
by a duality argument, for p = 1) the answer is always no: it has been 
known for over a century that the Fourier series of a continuous periodic 
function ƒ need not converge uniformly, or even pointwise, to ƒ. In the 
one-dimensional case, an old theorem of Marcel Riesz assures us that the 
answer is yes for 1 < p < oo. It therefore comes as an unpleasant surprise 
to discover, as Charles Fefferman did in 1971, that when n > 1, the answer 
is no for all p ^ 2. 

What to do? Well, it was recognized long ago that one-dimensional 
Fourier series can be made more tractable by employing summability meth­
ods that cut off the Fourier coefficients in some smoother way than simply 
taking partial sums. For example, the Fourier series of a continuous ƒ is 
always uniformly Cesàro or Abel summable to ƒ. A convenient summa­
bility method in higher dimensions that is closely related to the spherical 


