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THE STATE OF THE SECOND PART
OF HILBERT’S FIFTH PROBLEM

J. ACZEL

1. Introduction. In his celebrated address to the 1900 International
Congress of Mathematicians, about unsolved problems, Hilbert (1902)
stated the second part of his fifth problem as follows.

“Moreover, we are thus led to the wide and interesting
field of functional equations which have been heretofore
investigated usually only under the assumption of the dif-
ferentiability of the functions involved. In particular the
functional equations treated by Abel (Oeuvres, vol. 1, pp.
1, 61, 389) with so much ingenuity. ..and other equations
occurring in the literature of mathematics, do not directly
involve anything which necessitates the requirement of the
differentiability of the accompanying functions... In all
these cases, then, the problem arises: In how far are the
assertions which we can make in the case of differentiable
Sfunctions true under proper modifications without this as-
sumption?” (Hilbert’s emphasis).

As in some others in that series of Hilbert problems, the question is not
uniquely defined. If, however, we concentrate on Abel’s results, as Hilbert
did, we can make a definite judgement on how far we got in the direction
recommended by Hilbert and that is what I plan to do here.

Abel had four publications and three manuscripts containing functional
equations.

We try to look at most, if not all functional equations on which Abel
worked and got results. In §2 we deal with two problems for which Abel
did not suppose differentiability but where recent results still succeeded in
reducing the regularity suppositions.

883 and 4 are the main part of this survey: it reports on results where
the Hilbert program has been carried through: the differentiability condi-
tions used by Abel have been successfully replaced, some quite recently,
by (much) weaker conditions.

Finally, in the second part of §4, I speak about a system of two func-
tional equations with which Abel dealt by way of differentation, and which
pair has since been reduced to just one of the two equations but where
differentiability has not been eliminated yet, so that is still missing to the
complete solution of Hilbert’s problem.
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2. The complex exponential equation and Abel’s equation.

1. The important paper Abel (1826B) justifies ‘Newton’s binomial
series’ in its full generality (avoiding also an error in Cauchy (1821) who
neglected to prove uniform convergence) solving the complex exponential
functional equation

(M fz+w)=f()f(w) (z,weC)

for continuous complex-valued functions of a complex variable. No dif-
ferentiability has been assumed there. However, using an idea of Kac
(1937), the continuity supposition can be weakened to measurability in
the following way.

It is well known (and obvious) that a solution of (1) is either everywhere
or nowhere 0. Let us exclude the trivial solution

(2) f(z)=0 forallzeC

for the time being. Starting with a slightly simpler problem, we restrict (1)
first to real variables:

(3) fx+t)=f(x)f(t) (x,teR)
with f still complex-valued. This can, of course, be written as the pair of

equations (r(x) = |f(x)| > 0, g(x) = f(x)/|/(x)]),

(4) r(x+1t)=r(x)r(t) (x,teR;r: R—R,),
(5) gx+1)=g(x)g(t) (x.teRg:R—e®)
with

(6) lg(x)|=1 (x€R).

The function f and thus also g is now supposed to be just measurable on
a proper real interval. Let [a, b] be such an interval for (5). Since, by (6),
g is also bounded, it is Lebesgue integrable. So let us integrate (5) with
respect to ¢ from a to ¢, where ¢ is chosen so that C = fac g(t)dt # 0.
(Such a ¢ exists for otherwise fax g(t)dt = 0 so g(x) = 0 a.e. on [a, b],
contrary to (6).) With a change of variables (s = x + t) we get

1 X+c

gx) =5 g(s)ds.

X+a

Since g is integrable, the right-hand side is a continuous function of x and
so is the left, that is, g. But, if g is continuous, then the right-hand side
is differentiable and so is the left. Since g is now differentiable, we may
differentiate (5) with respect to ¢ and then substituting ¢ = 0 we get the
differential equation

g'(x)=Bg(x) (x€R)
with the general complex valued solution (4, B complex constants)
g(x) = Aeb*,

which satisfies (5) (and is not identically zero) iff 4 = 1 while (6) is satisfied
iff B = i where B is a real constant.
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So the general measurable solution of (5) and (6) is given by
@) g(x) =e'*  (x € R; B a real constant).
As to (4), its measurable nonzero solution is well known to be
(8) r(x) =e** (x € R; « a real constant).

[Kac (1937) proved this by reduction to the above argument for g(x) =
eiloer(x) - Actually, this yields only e/1087(X) = piex that is,

logr(x) = ax + 2k(x)=,

where k(x) € Z. But x — ax and also x — logr(x) are linear for rational
coefficients, so k has to be linear too and is thus 0, so that r(x) = x°.]
From (7) and (8)
f(X) = e(a+iﬂ)x = er,
(D an arbitrary complex constant) is the general not identically 0 measur-
able solution of (3).
As to (1), it implies

f(2)=f(x +yi)=f(x)f(yD),

where both factors, this time as functions of the real variables x or y,
satisfy (3), so all measurable solutions of (1) are given by

f(z)= f(x +yi) = eDx+Ey — goztez (z€C),

(D, E, d, ¢ arbitary complex constants) and by (2).

Note that here we derived from measurability continuity and, eventu-
ally, differentiability (on R). We will come back to this method (cf. Aczél
(1961), Jarai (1986)) in 3.2.

2. Abel’s (1824) manuscript deals with the ‘Abel equation’

9) fIe(x)] = f(x)+ 1.
This has by now an immense literature. We refer the reader to Kuczma
(1968) and Kuczma, Choczewski and Ger (1989). We quote here just a
result of Zdun (1977).

Let ¢ be continuous, convex and strictly increasing on [0, a], 0 < ¢(x) <
x for x €]0,a)] and let ¢" be the n-th iterate of . Then equation (9) has
an integrable solution f if, and only if, 3 02 ¢"(xo) converges for some
Xo €]0, al. This solution depends on an arbitrary integrable function fy on
1¢(a), a] (meaning that for every such fy there is exactly one solution f of
(9), integrable on 10, a[, whose restriction to 1¢(a), al is fo).

3. Elimination of the differentiability conditions in some important works
of Abel.

1. Another important 1826 paper of Abel (1826A) solves the system of
functional equations

F[x,F(y,2)] = Flz, F(x,y)] = Fly,F(z,x)] = Fx, F(z, y)]
= F[z,F(y,x)] = Fly, F(x, z)]

by reducing it to partial differential equations. So here differentiability
was indeed supposed and used in an essential way. Nowadays this system
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is considered as a combination of associativity and commutativity. The
associativity equation

(10) Flx,F(y,z)] = F[F(x,y), 2]

has been completely solved for x, y, z € I (a real interval; there are gener-
alizations for continuous and/or ordered structures, cf. e.g. Fuchs (1963))
under continuity and cancellativity conditions but without supposing dif-
ferentiability or even commutativity (Aczél (1949), (1966), (1987)): com-
mutativity is a consequence. The proof used to be rather lengthy but re-
cently Péles and Craigen (1989) found a shorter proof. (We mention here
that a book on associativity—mostly with other additional conditions—by
C. Alsina, M. J. Frank and B. Schweizer is in preparation.)

We give here the theorem and a sketch of the Péles-Craigen (1989)
proof.

Let I c R be a proper interval. The function F: I* — I is continuous,
associative (10) and cancellative ((3y € I: F(x1,y) = F(x,p)) = x1 =
X2;(3x € I: F(x,y1) = F(x, 7)) = y1 = ¥2) if, and only if; there exists a
continuous strictly monotonic f: I — R such that

(11) Fix,y)=f"'(f(x)+f(») (xyel).

For the sake of brevity we write x o y := F(x,y) and define x" by
x'=x,x"=x"ox (n=1,2,...).

The proof proceeds through the following steps.

(i) F is (strictly) increasing in each variable. Since I is a proper interval
there exists a ¢ € I for which c oc # c. Let us take, say, c< coc.

(ii) {x o c"} is increasing and lim, ,o(x o c") = supl ¢ I. (As a con-
sequence, I is open from above; if we had assumed the existence of a
d > d o d then I would have turned out to be open from below.) This
follows from (i).

(iii) The inequalities ¢ > x o ¢” and ¢™ > c" o x are equivalent for
each x € I, m,n € N. This too follows from (i).

(iv) If, for some x,y € I, m,n,k,l € N, ¢™ > xoc" and ck > yoc!
then ¢tk > x o y o ¢"*!. Furthermore the inequalities ¢” > x o ¢” and
¢k > xk o ¢ are equivalent. (These follow from (iii).)

(v) Forall x,yel,neN,

min(x" o y", y" o x") < (x 0 y)" < max(x" o y", " o x").
We prove this in the case xoy < yox (the proof is similar for xoy > yox;
there is nothing to prove for xoy = y o x):
(Xoy)"=Xoyoxoyo--coxXoy<yoxoyoxo---
<yoyoxoxoyo~~<---<y”ox”
(xoy)'=Xxo0yoxoyoxo--->XxX0X0yoxoyo---
> > x"o p".
We start now to construct f for (11). For x € I we define

<f[>x={r=—mT_'l

m,n,keN,c" >xkoc”}
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(by (iv) this definition does not change if the same r is represented by
different m, n, k). By (ii), limc¢™ > x o ¢, so 3m’ € N in ®,, which thus
is not empty. If r € ®, then every rational r’ > r is also in ®,. So P,
consists of the rational numbers of an interval unbounded from above. By
(i) 3n: c< xoc", so (1 — n)/1 is a lower bound of ®,. Define

f(x) = inf®,.

(vi) f(xoy) = f(x)+ f(¥)(x,y € I). (This follows from (iv) and (v).)

(vii) f is continuous and strictly monotonic.

Now (11) follows from (vi) and (vii) and the proof is complete.

As relevant to Abel’s (1826A) original system of equations we mention
also the functional equation of commuting systems of transformations
F:8SxZ—-2Z:

F[x,F(y, z)] = Fly, F(x, 2)] (x,yeS zeZ)

which has been solved in quite general situations, for instance where S
and Z are compact, F is continuous and a ‘weak transitivity’ holds, that is,
there exists a c € Z such that for all z € Z there isa y with F(y,c) = z (see
Aczél-Wallace (1967)). The result is that it is necessary and sufficient that
S be a commutative monoid, with ¢ as unit, under an operation o and that
there exist a continuous surjection f: S — Z (actually, f(x) = F(x,c)),
such that
F(x,z)=f(x)oz

2. Abel (1823) presented a general method of solving functional equa-
tions of quite general forms by reduction to differential equations. Of
course he tacitly assumed that the unknown functions are several times
differentiable. (Some of the steps in Abel (1823) look outlandish but can
be justifed, see Kiesewetter (1957).)

However, in the spirit of Hilbert’s (1902) program, one may reduce
Abel’s regularity conditions by showing that weak regularity conditions
(say measurability) and the fact that the unknown function(s) satisfy cer-
tain functional equations imply their differentiability of the required order.
Kac’s (1937)s above mentioned method does this for Cauchy’s equation.
A similar method (but supposing continuity) has been applied already by
Andrade (1900) to d’Alembert’s (Poisson’s) equation

fx+y)+ f(x=y)=2f(x)f(y)

(An equation equivalent to this was solved by Abel (1823), using his
method of derivations.) This method can be generalized to fairly broad
classes of equations (see e.g. Aczél (1961), (1966), Aczél and Chung (1982),
Aczél and Dhombres (1989)).

Recently Jarai (1986) has obtained nice results encompassing wide classes
of equations. Here are some typical classes (f is the unknown functions),

(12) f(x)=)_hj(x,y, f1gi(x. )]

j=1

fx)=h(x,y,. f(¥), flai(x, ¥)), ..., flgn(x, ¥)]).






