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CONSTRUCTION OF UNITS
IN INTEGRAL GROUP RINGS
OF FINITE NILPOTENT GROUPS

JURGEN RITTER AND SUDARSHAN K. SEHGAL

It is a basic question, in the theory of group rings, to describe construc-
tively the group of units of the integral group ring ZG of a finite group G.
Let

U(ZG) = U = {u € ZG | there exists v € ZG with uv = 1}

be the unit group of ZG. Bass and Milnor [1] have given generators for
a subgroup of finite index in U if G is abelian. We shall do the same for
nilpotent groups with a few exceptions arising from the Sylow 2-group of
G.

We begin by describing two key classes of units of ZG.

(a) THE Bass cycLic UNITS. Let a € G be an element of order d. Let
|G| = n, ¢(n) = m, where ¢ is the Euler function. For a natural number i,
less than d and relatively prime to d, the element

u=(l+a+---+a H"+ (1 -i")/d)a, a=1+a+---+a’!

belongs to ZG as i™ = 1 (mod d) since ¢(d) | ¢(n) when d | n. Moreover,
u is a unit as seen by applying various characters of {(a). These units
correspond to the cyclotomic units and Bass [1] has proved that if G is
cyclic then a subset of units of the above type obtained for all (a) gives
a linear independent set of generators of a subgroup of finite index in U.
We call the units obtained by varying (a) and i, the Bass cyclic units of
7G.
(b) THE BICYCLIC UNITS. Let a, b € G. Then

Ugp =1+ (a—1)ba
is a unit whose inverse is 1 — (@ — 1)ba. It is easily seen that u,, # 1 if
and only if b does not normalize (a). These units are called the bicyclic
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