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Problems concerning the distribution of prime numbers go back to an­
tiquity. Solutions to them seem to be elusive. At the age of 17, Gauss con­
jectured that the number of primes < x, denoted n(x), should be asymp­
totic to 
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In a classical ten page paper of 1858, Riemann introduced the zeta function 
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as a function of a complex variable and showed how the analytic properties 
of Ç(s) should prove the asymptotic law conjectured by Gauss. This was 
the beginning of the persistent theme of L-series in number theory, the 
interplay of analysis and arithmetic. The fundamental relation connecting 
the C-function with prime numbers is the "Euler product" 

tM-êif-nO-è)"'. 
where the product is over primes p. This relation is equivalent to the 
unique factorization of natural numbers. In his seminal paper, Riemann 
derived an analytic continuation of Ç(s) as a meromorphic function of s 
with only one singularity, a simple pole at s = 1. By using the modular 
transformation of the theta function, he derived the functional equation 

7r-5/2r(s/2)C(s) = n-W2T (r-^\ CO - s). 

Without giving any details, he wrote down an infinite product expansion 
for C(s)9 
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where p runs through the zeroes of Ç(s) satisfying 0 < 9\(p) < 1. In the 
same spirit, he wrote down an asymptotic formula for the number of such 
zeroes s satisfying 0 < 3(s) < T. The most astounding idea of the paper 



BOOK REVIEWS 227 

was to connect this product representation together with the Euler product 
to derive an explicit formula for the number of primes up to x: let 
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Then, ƒ (x) enumerates the number of integers n < x which are prime or 
a power of a single prime. Thus, 
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n(x) = J2Mn)f(xi'n), 
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where jn denotes the Möbius function. From this, one can derive the asymp­
totic law conjectured by Gauss, and the main contribution comes from the 
simple pole at s = 1. In the later years of the nineteenth century, a galaxy 
of mathematicians such as Mertens, von Mangoldt, Hadamard, and de 
la Vallée-Poussin developed these ideas and their work culminated in the 
proof of conjectured law of Gauss, the celebrated prime number theorem. 

At the conclusion of the same paper, Riemann makes his famous hy­
pothesis: all of the zeroes p of Ç(s) such that 0 < 9l(/>) < 1 must have 
!K(/>) = 1/2. It seems an understatement to say that this single paper has 
guided, inspired and shaped much of modern mathematics, first in giving 
a thrust to the development of complex analysis, second in developing the 
analogues over number fields and function fields over finite fields, and third 
in encoding algebraic information in the zeta function thereby forging a 
synthesis of algebra, arithmetic and analysis. A sweeping glance at the de­
velopment of mathematics after Riemann conjures up a stream of ideas of 
Hecke, Artin, Weil, Tate, Selberg, Grothendieck, Deligne and Langlands, 
all of whose powerful work emanates from the concept of a zeta function. 

Patterson's book seeks to understand the zeta function with these final 
developments kept in mind in the background. It is however intended as 
an introductory text. After a brief historical introduction, Patterson uses 
the Poisson summation formula to derive a functional equation for the 
"zeta function" 

M(f,s)= [ f(x)\x\s~l dx 
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where ƒ is a measurable function of suitable growth. He derives the for­
mula 

M(f,s) = y(s)M(f, l-s), y(s) = n^2-sT(s/2)/r((l-s)/2)t 

where ƒ is the Fourier transform of/. This is reminiscent of Tate's thesis. 
In fact, the celebrated thesis brings out this Fourier duality behind all 
functional equations of abelian L-series. 

The subsequent chapters are devoted to a rigorous derivation of the 
statements of Riemann, ending with the proof of the explicit formula and 
a proof of the prime number theorem. 

The fifth chapter is certainly the most interesting. It is a discussion of 
the Riemann and Lindelof hypotheses. The author says there are several 
reasons for believing the Riemann hypothesis. The first 1.5 billion zeroes 


