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The theory of Hubert modular surfaces is a generalisation of the classi­
cal theory of automorphic forms, and in many ways it is one of the easiest 
generalisations. It was started by D. Hubert at the end of the last century, 
with the motivation to enhance the theory of analytic functions of several 
complex variables. He inspired O. Blumenthal to take up the subject, and 
sometimes his name is added to that of Hilbert. However, neither man got 
very far, and only after the general theory of complex manifolds had ad­
vanced sufficiently could progress be made in this special case. In modern 
times the subject has been revived by M. Rapoport and F. Hirzebruch. The 
theory of Hilbert modular surfaces mixes the theory of automorphic forms, 
arithmetic algebraic geometry (especially Shimura-varieties) and the the­
ory of classical complex algebraic surfaces. It thus seems appropriate to 
give short overviews of recent developments in these subjects, and after 
that we try to explain how they specialize to the case of Hilbert modular 
surfaces. Needless to say, I tend to oversimplify the situation; for details 
one should consult the literature. 

The theory of automorphic forms started with the classical elliptic mod­
ular functions (for a modern account see [La]), and has developed into a 
theory about reductive groups. Let us try to explain how this happened: 
Classically one considers the upper halfplane H of complex numbers with 
positive imaginary part, on which the group SL(2,R)/{±1} acts by the 
usual (az + b)/(cz + rf)-rule. One further chooses a subgroup T of finite 
index in SL(2, Z), and considers holomorphic functions ƒ (z) which trans­
form under F according to a certain factor of automorphy, and which 
are holomorphic at infinity (this amounts to a certain growth-condition). 
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There is a distinction between two types of automorphic forms, Eisenstein-
series and cusp-forms: The former are certain rather well-understood se­
ries, which define automorphic forms and are characterised by their asymp-
totics at infinity. The latter are automorphic forms which vanish at infin­
ity, and their properties are much more mysterious. The whole space of 
automorphic forms is the direct sum of the cusp-forms and the Eisenstein-
series. 

On these spaces there is an operation by Hecke-operators: For any el­
ement y e GL(2,Q) the intersection of T and yFy~l has finite index in 
T, and the y-transform of an automorphic form is invariant under this 
subgroup. Summing over these transforms under a set of representatives 
for T modulo the subgroup gives a new automorphic form, and this way 
we obtain a huge algebra (the Hecke-algebra) operating on the space of au­
tomorphic forms. Now one decomposes everything into eigenspaces under 
this algebra, which usually have dimension one. 

One can generalise this by considering nonholomorphic functions (which 
however are still eigenfunctions for the Laplacian). The whole theory then 
becomes very group-theoretic: The upper half-plane H is a symmetric 
space, namely the quotient H = G/K, with G = SL(2, R) and K - SO(2, R) = 
maximal compact subgroup of G. Then functions on H/T correspond to 
AT-invariant functions on the G-homogeneous space G/T, and automorphic 
forms to A^-eigenfunctions. Automorphic forms in the previous sense now 
correspond to irreducible constituents (under the (/-operation) in the space 
of functions on G/T: Such constituents always contain certain canonical 
^-eigenvectors, which are the automorphic forms in the previous sense. 
For example, holomorphic automorphic forms are related to discrete se­
ries representations. 

Finally one passes to an adelic formulation: Instead of SL(2, R)/SL(2, Z) 
we consider SL(2, A)/SL(2,Q), where A is the ring of adeles, and we re­
place SO(2,R) by the product SO(2,R) x SL(2,Z), which is a maximal 
compact subgroup in SL(2, A). We try to decompose the space of func­
tions on SL(2, A)/SL(2,Q) into irreducible (under SL(2, A)) components. 
These are restricted tensorproducts of irreducible representations of the lo­
cal groups SL(2, R) respectively SL(2, Q^). The representation of SL(2, R) 
is our previous one, while the representations of the factors SL(2,QP) 
describe the combinatorics of the Hecke-operators. It turns out that this 
very much simplifies these combinatorics as well as the rest of the theory, 
mainly since the structure of the group SL(2, Q) is much simpler than that 
of SL(2, Z), because of the Bruhat-decomposition. Finally we have to ad­
mit that for a good theory it is better to replace SL(2) by GL(2). If the 
reader has been willing to follow us so far he can now proceed to read 
the lecture notes of Jacquet-Langlands or Weil [JL and W], which give the 
general theory of automorphic forms on GL(2) over any numberfield (not 
just Q). In general one tries to replace GL(2) by an arbitrary reductive 
algebraic group G over Q, and one wants to decompose G(A)/(J(Q). Again 
there is a decomposition into cusp-forms and Eisenstein-series. The latter 
are associated to forms on groups of lower dimension, and should be han­
dled by induction (which still poses quite a variety of problems, see [L2]). 


