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This is a book on harmonic analysis, but harmonic analysis is like the 
proverbial elephant: it looks very different to different people. To some 
it means maximal theorems and BMO; to others it means parametrizing 
the unitary dual; for Harish-Chandra it was the Plancherel Theorem for 
semisimple groups. Thus no book on harmonic analysis will be universal: 
each can present only a small part of the subject. To define the book at 
hand it will help to consider it briefly in its relation to harmonic analysis 
as a whole, and to examine the types of problems it addresses and does 
not address. 

For purposes of this book, harmonic analysis on a homogeneous space 
X of a Lie group G means answering the following questions (see p. 2). 
Write X = G/K for an appropriate closed subgroup K of G. 

First, find the algebra D(G/K) of (/-invariant differential operators on 
X. Then 

(B) Describe the spaces of joint eigenfunctions for the operators in 
D(G/K); 

(A) Decompose "arbitrary" functions o n I = G/K into (superpositions 
of) joint eigenfunctions ofD(G/K); and 

(C) Determine on which joint eigenspaces the natural action of G, by 
translation of functions, is irreducible. 

Not all of the book actually fits this formulation, but much of it does. 
How does a program based on these problems relate to harmonic analysis 
as a whole? 

We first observe that A, B, C imply a decidedly "concrete" stance to­
ward harmonic analysis, as opposed to an "abstract" one. Classification of 
representations is not a question here. We are dealing with function spaces 
of a very concrete sort rather than disembodied locally compact spaces, or 
even, say, sections of vector bundles. 

Second, even within very concrete harmonic analysis, one need not re­
strict one's attention to homogeneous spaces. Fascinating results about a 
Hamiltonian action of a torus on a symplectic manifold have been dis­
covered recently [GS1, GS2], but these results are trivial if the action is 
transitive. And the action of a classical group on several copies of its defin­
ing vector space (e.g., On on (R")m) is the context for a surprisingly rich 
theory [Ge, Ho]. 

Third, given that we will work on a homogeneous space, we observe, 
as does the author, that the formulation A, B, C puts some conditions on 
G and X: the algebra D(G/K) must be large enough to be interesting but 
small enough to be abelian. One much-studied situation [FS, Gd, HN], in 
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which there are no invariant differential operators is a semidirect product 

X = (R+x x N)/R+x =* N 

where 
(a) N is a connected simply connected nilpotent Lie group, 
(b) R+x acts on N by "dilations"—a one parameter family of expansive 

automorphisms. The simplest example is to take N = R", and to let R+x 

act by the standard scalar dilations, 

a(x\,...,xn) = (axi,ax2,...,axn), x/ G R, a e R + x . 

In fact, this example occurs in the book (theory of Riesz potentials, pp. 
131-139), but the role of dilations is suppressed. Contrariwise, there are 
many situations where D(G/K) is nonabelian, e.g., complex flag varieties 
X — XjT where AT is a compact Lie group and T c K is a maximal torus 
(see Exercise 14, p. 486). 

However, the class of examples for which problems A, B, C make a 
sensible program is still very rich. Most prominent among them are the 
symmetric spaces of various sorts: Euclidean, compact, Riemannian, and 
"pseudo-Riemannian" or "affine." The author's earlier, now classic book 
(Differential geometry and symmetric spaces, Academic Press, 1962, up­
dated as Differential geometry, Lie groups, and symmetric spaces, Academic 
Press, 1978) treated the basic geometry of these spaces. The book under 
review is primarily concerned with aspects of harmonic analysis on them. 
Even within this more focussed area, choices of topic are necessary. In 
particular the pseudo-Riemannian symmetric spaces, which have been ac­
tively studied only relatively recently and whose theory is still developing, 
are mentioned very little in the book. 

Having located the book's subject matter, we now describe it briefly. 
There is a lot of meat here, much of it of prime quality. Each chap­

ter is cut thick (some are almost books in themselves). Rather than at­
tempt a slice-by-slice description, I will just try to convey the general flavor. 
The sub-title, Integral geometry, invariant differential operators and spher­
ical functions goes far towards summarizing the book's concerns. Each of 
Integral Geometry and Spherical Functions has a long chapter devoted 
to it (Chapters I and IV respectively). More will be said below concern­
ing the basics of spherical functions. The chapter on integral geometry is 
largely concerned with geometrically defined integral transforms, of which 
a prominent example is the Radon transform. This is a mapping from 
functions on R" to functions on the space of hyperplanes in R", which 
has the structure of a line bundle over RP"_1. Its definition is attractively 
naiive. Given a reasonable function ƒ on R", and a hyperplane {, define 
the Radon transform ƒ (£) by 

m = jf(x)dm(x) 

where dm(x) is the standard Euclidean measure on £. An important prob­
lem about such transforms is to invert them. For the Radon transform, 
this can be done by observing that it is in a fairly straightforward way a 


