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The concept of weak convergence of distribution functions plays a very
fundamental role in Probability Theory. This concept may be defined as
follows:

Let F be a distribution function, that is, a nondecreasing right-contin-
uous function defined on R such that F(—o0) = 0 and F(4+o00) = 1, and
let {F,: n > 1} be a sequence of distribution functions. The sequence
{F,} is said to converge weakly to the distribution function F on R if

F,(x)— F(x), asn— oo

at all continuity points x of F. In this case we write F, — F, as n — oo.
We note that the weak limit of the sequence {F,}, if it exists, is unique.
Moreover, let %y = %(R) be the space of all bounded, real-valued con-
tinuous functions on R. Let {F,: n > 1} be a sequence of distribution
functions, and let F be a distribution function. Then F, % F if and only
if [%° gdF, — [ gdF,as n — oo for every g € &,

A necessary and sufficient condition for weak convergence was obtained
by Lévy which can be stated as follows:

Let {F,} be a sequence of distribution functions and let {¢, } be the cor-
responding sequence of characteristic functions, that is, ¢, is the Fourier-
Stieltjes transform of F, forn > 1,

oult) = / ¢"dF,(x), teR

— 00

Then F, = F if and only if the sequence {¢,} converges (pointwise) on
R to some function ¢, which is continuous at the point ¢ = 0. Moreover
in this case, the limit function ¢ is the characteristic function of the limit
distribution function F. This result plays a fundamental role in the study of
the limit theorems for sums of independent (real valued) random variables.

The first result in this direction was obtained by Lévy which is known
as the Lévy Central Limit Theorem and can be stated as follows.

Let {X,: n > 1} be a sequence of independently and identically dis-
tributed (i.i.d.) random variables with a finite variance ¢? > 0. Let S, =
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X1+ Xo+ -+ Xy, n > 1. Then the sequence of distribution functions of
the random variables (S, — &S,)/o+\/n converge weakly to the distribution
Sunction of a Gaussian (or Normal) random variable with zero mean and
unit variance, as n — oo.

The book contains a systematic exposition of the analytic properties
of one-dimensional stable distributions. It consists of an introduction and
four chapters out of which the introduction and the second and third chap-
ters contain the main bulk of information about the analytic properties of
stable laws, while chapter 1 discusses examples of the occurrence of stable
laws in applied problems and chapter 4 deals with the problem of statisti-
cal estimation of the parameters determining stable laws. The last chapter
is intended to show the possibility of exploiting the analytic properties
of stable laws in solving statistical problems. The structure of the book
is such that only the introduction and the second and third chapters are
interconnected while the first chapter is not necessary for understanding
the remaining material and the fourth chapter makes only minimal use
of the material in chapters 2 and 3. Information of a historical nature or
concerning priority is reduced to a minimum in the main text and is dis-
cussed in the section entitled comments. The material in the introduction
and the second and third chapters is fundamental to the book.

The material in the introduction is instrumental for the study of the
subsequent chapters. In the theory of limit theorems for sums of indepen-
dent real valued random variables Khintchine obtained the following basic
result:

Let {X,;: 1 < j < k,, n > 1} be a sequence of independent (in the
individual series) random variables, and let

(1) Zn=an+Xn2+"'+Xnk,,"An

where A4,’s are some real numbers. Assume that the terms in the sum Z,
are uniformly infinitesimal, that is, for every ¢ > 0,

2 lim max P(|X,;|>¢)=0.

2) Mim  max P(|Xn|>¢)
Denote by F,; and F, the distribution functions of the random variables
Xn;j and Z, respectively and by & the set of all those distribution functions
G that can be obtained as the weak limits of the functions F, as n — oo.
Then a distribution function G belongs to the set & if and only if the
characteristic function g of G can be written in the form

3) g(t) = exp {ita - bt + / (€™ — 1 —itsin x)dH(x)}

x#0

where a, b > 0 are real numbers and the function H, which is defined on
the whole x-axis except the point x = 0, is nondecreasing on both the
semi-axis x < 0 and x > 0, tends to zero as |x] — oo and satisfies the
condition

(4) / x?dH(x) < oo.
O<|x]<1
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Here G is called an infinitely divisible distribution, the function H is called
the spectral function of G, and the representation (3) is called the canonical
form of the characteristic function g.

The simplest variant of the scheme (1) is a sequence of linearly normal-
ized sums of independently and identically distributed random variables
of the form

(5) Zyn=X1+Xy4 -+ X,)B; ! - A4,

for n > 1, where B, > 0 and A,’s are some real constants.
For condition (2) to hold in the scheme (5) it is sufficient that

(6) B, —» o, asn— oo.

It turns out that the property (6) holds whenever the distribution func-
tions F, of the random variables Z, converge weakly to a nondegenerate
distribution function G. A distribution function G is said to be stable, if
it occurs in the scheme (5) as a weak limit of the sequence of distribution
functions F,, as n — oo. The set of all such functions G is called the family
of stable laws and is denoted by .%. Clearly the family . of stable laws is
a subset of the set £ of all infinitely divisible laws. There are many differ-
ent criteria for a distribution function to belong to the family ., and any
one of them can be taken as a definition of stable laws. One such criterion
is as follows:

A distribution function G belongs to the family . if and only if G has
the following property:

For any two positive real numbers b; and b,, there exists a positive real
number b and a real number a such that

(7 G(x/b1)  (G(x/b2) = G((x — a)/b).

Here * denotes the operation of convolution in the theory of distributions.
In this case the more restrictive relation

(8) G(x/by) * G(x/by) = G(x/b)

corresponds to a certain subfamily .# of .% which is called the family of
strictly stable distribution laws. If in the scheme (5) we trace the situation
leading to the limit distribution in the class .#, it turns out to correspond
to the case when the linear normalization does not need to be centred, that
is, when 4, = 0.

A description of the family .% of stable laws and the subset .# of it can
be given as follows:

For each stable distribution G, the spectral function H corresponding
to it has form

—cx~, ifx>0,

©) H@) = { c(-x)", ifx<0,
where ¢y, ¢; and o are nonnegative real numbers and moreover 0 < a < 2.

A characterization of the family of . can be given as follows:
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A nondegenerate distribution G belongs to the family ., if and only
if the logarithm of its characteristic function g can be represented in the
form

(A) logg(s) = AlLit/y — |t|* + itw4(t, a, B)]

where the real parameters «, 8, y,A vary within the limits 0 < a < 2,
—1<p<1,-00<y<00,0< A< o0 and

lzla-lﬂtan(%a), fa#l,
- B2/m)loglt|, ifa=1

Here the index A is used to distinguish the given form of expression for
characteristic function of stable laws from the other forms of expression
that are considered below. Another different form of expression for the
characteristic function of stable laws is as follows:

The characteristic function g of a nondegenerate distribution G € &
can be written in the form

wA(t,a,ﬁ)={

(B) logg(t) = Alit/y — |t|*ws(t, o, B)]
where
T
exp |—i{=) pK(a)sgnt|, a#l,
wivun | @,
>+ iflog|t|sgnt, ifa=1.

Here K(a) = a—1+sgn(1 —a), and the parameters have the same domain
of variation as in the form (A).

In what follows, the characteristic function g will be accompanied by
the parameter values such as g(¢) = g(¢, o, B, y, 4). Using the estimate

loa(t, @, B, 7, A)| = exp(-Alt|%)

and the Fourier inversion formula, one can verify easily that the corre-
sponding distribution function G has a density function g, which exists
and is uniformly bounded on the whole real axis, as is any derivative gf,”)
of g4.

The distribution function and the density function of the stable laws
with characteristic function g(z, o, §, 7, 1) will be denoted by G(x, o, 8,7, 4)
and g(x,a, B,7,A) respectively and in shortened variants

o(t.a,B)=9(t,a,B,0,1)
G(x,a, B) = G(x,, §,0,1)

g(x o, B) = g(x,a, 5,0, 1).

In what follows the notation Y(a, 8,7,4) and Y(a, B) are used for ran-
dom variables with stable distribution G(x, «, 8,7,4) and G(x, o, B) re-
spectively.

One more rule, which is followed through the book, is stipulated as
follows:

In all equalities connecting functions of random variables with the mean-

ing that they have the same distribution (the symbol £ will be used for
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such equalities), the random variables on one side of an inequality (even
when written the same) are understood as being independent. For example,
with the use of this rule, (7) can be rewritten as follows:

d
A distribution function of the random variables X; 4 X, # const be-
longs to the family . if and only if for any two positive real numbers b,
and b,, there exist a positive real number b and a real number a such that

(10) biX: + baXs £ bX; +a

Here no special mention is made of the fact that X; and X; on the lefthand
side of (10) are independent.

Finally a description of the class .# of strictly stable laws is given as
follows:

d
The distribution of the random variables X 4 X, # const belongs to
A if and only if for any two positive real numbers b; and b,, there exist
a positive real number b such that

(11) b1X1+b2ng=bX1.

The characteristic function g of the distributions in .#Z have the represen-
tation

a _i(T
() logg(t) = —A|t|* exp [ i (2) Oa sgn t]
where the parameters «, @ and A vary within the limits
0<a<2; |6] < 0; = min(1,2/a - 1): A>0.

The question that naturally arises is why such an abundance of forms
for expressing the characteristic functions of stable laws exists. In study-
ing the analytic properties of the distributions of stable laws we encounter
groups of properties with their own diverse features. The expression of an-
alytic relations connected with stable distributions can be simpler or more
complicated depending on how advantageous the choice of the parameters
determining the distributions for our problem turns out to be. By associat-
ing with a particular group of properties the parameterization form most
natural for it, we minimize the complexity involved in expressing these
properties. In this approach, the extraneous complexity is isolated from
the problem and relegated to the formula for passing from one form of
expressing the characteristic function g to another.

The definition given above for the family . of one-dimensional stable
distributions can be naturally extended to the case of finite-dimensional
and even infinite-dimensional vector spaces. We consider a sequence of
independently and identically distributed random variables, X;, X»,...,
with values in k-dimensional Euclidean space R* and form the sequence
of sums

Zy=ay(Xi+ X2+ -+ X,) —an, n>1

normalized by some sequence of positive real numbers o, and nonrandom
elements a, € R, The set .#* of all weak limits of the distribution of such
sequences Z, (as n — o0) is called the family of stable distributions in R¥,






