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The concept of weak convergence of distribution functions plays a very
fundamental role in Probability Theory. This concept may be defined as
follows:

Let F be a distribution function, that is, a nondecreasing right-contin-
uous function defined on R such that F(—o0) = 0 and F(4+o00) = 1, and
let {F,: n > 1} be a sequence of distribution functions. The sequence
{F,} is said to converge weakly to the distribution function F on R if

F,(x)— F(x), asn— oo

at all continuity points x of F. In this case we write F, — F, as n — oo.
We note that the weak limit of the sequence {F,}, if it exists, is unique.
Moreover, let %y = %(R) be the space of all bounded, real-valued con-
tinuous functions on R. Let {F,: n > 1} be a sequence of distribution
functions, and let F be a distribution function. Then F, % F if and only
if [%° gdF, — [ gdF,as n — oo for every g € &,

A necessary and sufficient condition for weak convergence was obtained
by Lévy which can be stated as follows:

Let {F,} be a sequence of distribution functions and let {¢, } be the cor-
responding sequence of characteristic functions, that is, ¢, is the Fourier-
Stieltjes transform of F, forn > 1,

oult) = / ¢"dF,(x), teR

— 00

Then F, = F if and only if the sequence {¢,} converges (pointwise) on
R to some function ¢, which is continuous at the point ¢ = 0. Moreover
in this case, the limit function ¢ is the characteristic function of the limit
distribution function F. This result plays a fundamental role in the study of
the limit theorems for sums of independent (real valued) random variables.

The first result in this direction was obtained by Lévy which is known
as the Lévy Central Limit Theorem and can be stated as follows.

Let {X,: n > 1} be a sequence of independently and identically dis-
tributed (i.i.d.) random variables with a finite variance ¢? > 0. Let S, =






