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It is rather odd that in statistics no "general" theory has yet been for­
mulated that would investigate from a single point of view the properties 
of estimates, tests and other inference procedures and would be accepted 
by the majority of specialists. A fundamental concept such as optimality 
is usually defined ad hoc in each special case, depending on the nature of 
the problem. Therefore, the number of concepts of optimality in statis­
tics grows along with the number of problems treated and models studied. 
The work of A. Wald, D. Blackwell and others in abstract statistical de­
cision theory has shown how successfully the ideas and methods of the 
theory of optimization and convex analysis work in statistics. This has 
led to some systematization of the various concepts of optimality. The 
development of the asymptotic theory of statistical inference has shown 
that under mild regularity assumptions various concepts of optimality of­
ten lead to the same or almost the same solutions. These ideas have been 
especially well studied in the more traditional schemes of statistical infer­
ence, in which for n independent identically distributed (i.i.d.) observa­
tions Xn = (X\,...,Xn) representing a sample of size n from the distri­
bution Fe, one wishes to estimate the value of the parameter 6 or derive 
a test for verifying some hypothesis about this parameter. The similarity, 
in such a situation, of these different approaches to the concept of asymp­
totic optimality is explained by the fact that they all depend on using an 
appropriate form of the scaled likelihood ratio 

e+*lfn{X») = Z»h=Zn
h{d;Xn), 

where PS is the distribution of X" derived from Fe. Let 

Zh=em>{Ld{h)-\{Jeh,h)) 
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denote the likelihood ratio for a Gaussian experiment with unknown shift 
parameter h. Convergence of the finite-dimensional distributions of the 
local likelihood ratio process Z." to the finite-dimensional distributions of 
the process Z., i.e. 

has received the name of local asymptotic normality (LAN). The LAN 
property has stimulated the development of a rather powerful "general" 
theory of asymptotic optimal statistical solutions based on the indepen­
dence of repeatable experiments when the sample size n -+ oo. The funda­
mental consequence of LAN appears in the inequalities of Hajek-Le Cam, 
in Hajek's convolution theorem, and in other theorems which allow us to 
describe the asymptotic properties of the minimax risk of procedures in 
terms of the analogous risk for the limiting Gaussian experiment. These 
results play a notable role not only in parametric problems in statistics, but 
also in many nonparametric and semiparametric problems as well. (We re­
call, for example, that in i.i.d. schemes of observations the nonparametric 
approach assumes that 6 is infinite-dimensional while the semiparametric 
approach usually is characterized by a representation 6 = (61,62), where 
the finite-dimensional component 6\ is the estimated parameter and the 
infinite-dimensional component 02 is a nuisance parameter.) 

The achievements in the asymptotic theory of these problems are con­
nected with the names of C. Stein, J. Hajek, L. Le Cam, P. Bickel, 
R. Beran, I. A. Ibragimov, R. Z. Has'minskii, D. M. Chibisov, P. W. 
Millar, J. Wellner, J. Pfanzagl, B. Ya. Levit, and other authors. However, 
one should note that asymptotic normality is not the only possibility for 
the limiting behavior of a likelihood ratio. Even in an i.i.d. scheme of ob­
servations, when some of the usual conditions of regularity are violated, 
one can use a normalization (S~l) that is different from y/n, to establish 
that as n —• 00 the finite-dimensional distributions of the processes 

converge weakly to the corresponding finite-dimensional distribution of 
the likelihood ratios 

for a non-Gaussian infinitely divisible experiment. On the other hand, the 
LAN property with suitable normalizations can be established in a va­
riety of situations where the observations are not necessarily identically 
distributed or where even dependent observations are possible; such sit­
uations can occur in problems involving statistics of random sequences 
and processes. In particular, in appropriate situations the reasoning of the 
asymptotic theory in the "pure" form, not burdened with excessive as­
sumptions of regularity, clarifies the concept of asymptotic normality of 
experiments and often also suggests the form of the optimal solution. 

The book of Professor Le Cam is devoted to an exposition of asymp­
totic statistical decision theory in an even more general form. Many of the 


