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EVERY THREE-SPHERE OF POSITIVE RICCI CURVATURE
CONTAINS A MINIMAL EMBEDDED TORUS

BRIAN WHITE

One of the most celebrated theorems of differential geometry is the 1929
theorem of Lusternik and Schnirelmann, which states that for every rie-
mannian metric on the 2-sphere there exist at least three simple closed
geodesics. Jurgen Jost [J] (following important work of Pitts [P] and Si-
mon and Smith [SS]) has recently generalized this result by showing that
for every riemannian metric on S3, there exist at least 4 minimal embedded
2-spheres. This is optimal in that there are metrics for which the number
of embedded minimal 2-spheres is exactly four [W2,4.5]. However, one
can also ask about surfaces of higher genus, and here our knowledge is
very incomplete. On the one hand, Lawson [L] showed that S* with its
standard metric contains embedded minimal surfaces of every orientable
toplogical type, and recently Pitts and Rubinstein [PR] have discovered
many new infinite families of examples. But for general metrics on S3, no
known theorem asserts the existence of any minimal surface other than a
sphere. The present paper takes a first step in this direction by proving:

THEOREM 3. For every C* riemannian metric y of positive ricci curvature
on S3, there exists at least one minimal embedded torus.

I conjecture that every metric on S* admits at least 5 minimal embedded
tori, but I can prove it (by a perturbation argument [W2,4.4]) only for
metrics that are close to the standard metric.

Peliminaries. The proof uses the following facts about the space of all
minimal surfaces for varying riemannian metrics. The facts are proved in
[W2] using the implicit function theorem. Let N be a compact 3-manifold,
I" be an open set of C* metrics on N, and M be the set of pairs (y,.S) where
y eI and S C N is a smooth embedded y-minimal surface.

THEOREM 1 [W2, 2.1,2.2,5.1]. The set M is a smooth Banach manifold,
and the map

nm-M-T
I: (7,8) vy

is a smooth map. Almost every (in the sense of Baire category) y is a regular
value of 11, i.e., each element of I1"\(y) is a nondegenerate critical point of
the area functional.

Received by the editors October 26, 1988.
1980 Mathematics Subject Classification. Primary 58E12, 53A10, 49F10.
The author was partially funded by NSF grants DMS85-53231 (PYI) and DMS87-03537.

©1989 American Mathematical Society
0273-0979/89 $1.00 + $.25 per page
71






