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AD AND THE VERY FINE STRUCTURE OF L(R)

STEVE JACKSON

ABSTRACT. We announce results concerning the detailed analysis of L(R)
a considerable distance along its constructibility hierarchy, assuming the
axiom of determinacy. Our main focus here is on the projective hierar-
chy, and specifically the sizes and properties of the projective ordinals.
In particular, assuming determinacy, we calculate the values of the pro-
jective ordinals, getting
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1. Introduction. We let R = w® =: the set of infinite sequences of natu-
ral numbers, called “reals.” We let 2‘17 denote the collection of open subsets
of R, and II? the closed sets. We further let X} denote the collection of
continuous images of II._, sets (where IT} = I19) and II} the collection
of complements of X sets. We say a set is projective if it is £} for some
n. Classically, with the work of Baire, Borel, Lebesgue, Lusin, Sierpinski,
Suslin, and others, descriptive set theory emerged as the study of the struc-
tural properties of these sets. The hope here is that important set-theoretic
problems which seem intractable or for which the answer seems pathologi-
cal in general may become more amenable when restricted to the projective
sets—these sets being explicitly definable. One such example which de-
rives from the continuum problem is the perfect set problem, which asks
whether every uncountable set contains a perfect subset (and hence has
cardinality 2%0). Although the answer is easily seen to be negative assum-
ing the axiom of choice (AC), the construction results in a pathological
set, not explicitly definable.

In fact, one might hope that a reasonable theory would exist for a collec-
tion of sets extending considerably the projective sets. We let L(R) denote
the smallest inner model (i.e., transitive class containing the ordinals) of
ZF set theory containing the reals, R. Just as every set in Godel’s model L
is definable from an ordinal, every set in L(R) is definable from an ordinal
and a real, and consequently one might expect a reasonable theory to exist
for the sets of reals in L(R). The projective sets, in fact, represent the first
few levels in a natural definability hierarchy for the sets in L(R) (see §3),
and thus the study of the projective sets embeds into the larger problem
of obtaining a structural theory for the model L(R).

Unfortunately, working in ZFC (= ZF + AC; the set theory of “ordinary
mathematics”) there are strong limitations to the results obtainable. The
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