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The statistical theory of stationary sequences (or time series) and ran-
dom fields has acquired such a vast literature over the last thirty years that
finding one’s way through its various ramifications is no easy task. This
elegantly produced monograph by one of our most distinguished experts
on stationary stochastic processes consists of a selection of topics on the
frontiers of current research in this field. A great deal of the material is
based on the author’s own work or a direct development of it.

The point of departure for all statistical work in time series is the
Kolmogorov-Wiener theory which provides the mathematical foundations.
A brief background of the latter will be helpful to the nonspecialist in un-
derstanding and appreciating the more modern developments.

The mathematical background. The setting of the linear prediction prob-
lem for stationary sequences in a Hilbert space context is due to Kol-
mogorov [6]. This can be seen for any second order process even without
the stationarity assumption. A second order process x = (x;) is a family
of real or complex-valued random variables x;(w) defined on a probability
space (Q,.#,%) such that E|x;|> < oo for each . (The symbol E stands
for integration with respect to the measure P(dw).) It is convenient to
assume Ex; = 0. The index set over which ¢ varies is either Z or R. In
the former, discrete time case, one speaks of a sequence. If t € R, (x;) is
assumed to be L2-continuous in ¢. The terms sequence and process will be
used interchangeably in this review.

Each x; can be regarded as an element of the real (or complex) Hilbert
space L? = L2(Q, ¥ , %), with inner product («,v) = E(u¥). For purposes
of linear prediction, the “history” of the process is given by the family
of Hilbert spaces H(x;t) := closed linear subspace of L? generated by
{xs,s < t}. H(x;—00) =), H(x;t) is called the remote past of x, H(x;?),
the past and present up to ¢ and H(x;o0) := V;H(x;t), the history of x.
The problem is to obtain the optimal (i.e., least squares) predictor X;,|, of
a future state x;, given {x;,s < t}, (¢; > t). Since the optimality criterion
requires that the prediction error |x;, — X, ;|| = infuep(xy) ||x:, — u|| the
solution is given by the orthogonal projection X, = Projy,.,X;, which
satisfies the equation

(1) (X165 Xs) = (x1,,%5), foralls <t

Prediction theory, therefore, is concerned with the finding of com-
putable algorithms for the predictor and a computable formula for the
error.

(x;) is called a (weakly) stationary sequence, if ¢ € Z (a stationary pro-
cess if £ € R) and the covariance function E(x,;Xs) = r;—s;. In the discrete
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time case,
n
r =/ e dF(A)
-

and in the continuous time case,
w .
r =/ et dF(A)
— 00

where F is called the spectral distribution function of x. These results,
the first due to Herglotz and the second due to Bochner, Khinchin and
Wiener, were already in existence before the work on prediction theory.

In 1938, applying the newly emerging theory of stochastic processes to
time series analysis, H. Wold obtained a decomposition of a stationary se-
quence, now bearing his name. It was left to Kolmogorov to exploit the full
significance of these developments. In his famous, beautiful 1941 paper,
[6], he gave a formulation of the theory in terms of the geometry of Hilbert
space and made the Wold decomposition the basis for a deeper analysis of
x itself. The process x is called regular or purely nondeterministic (PND)
if H(x;—o0) =0, it is singular or deterministic if H(x; —o0) = H(x).

Wold decomposition. If H(x;—o0) # H(x), then (x;) has the unique
decomposition

(2) Xe =X +x{
where (x}) is PND, (x;') is deterministic and the Hilbert subspaces H(x')
and H(x") are mutually orthogonal.

It was shown in [6] that the sequence (x;) is PND iff its spectral distribu-
tion is absolutely continuous and the spectral density satisfies the condition

log f(A)dA > —o0

k4

(Paley-Wiener criterion for the discrete time case). Kolmogorov also ob-
tained an H2-factorization of the spectral density f(A) = |w(e~**)|*> where
v is an outer function in Beurling’s terminology. The process (x;) has a
one-sided moving average representation

(3) X = Z ciéi—j (E€i¢k =0jk)
j=0
where the coefficients c; are those of the function
(4) w(z)=) ¢zl
Jj=0

The expression for the optimal predictor can be immediately written down
from (3) and (4). The one-step prediction error is given by the Szegd
formula i
. 1
e = Siel? = 2mexp { o [ tog £2)d .

-7



BOOK REVIEWS 135

Wiener, working independently and somewhat later than Kolmogorov,
mostly considered continuous parameter stationary processes [9]. He re-
duced the prediction problem to the solution of a “Wiener-Hopf™ equation
of which equation (1) is a prototype. His treatment even for this case was
not as thorough as Kolmogorov’s for the discrete time problem. Wiener
himself gave only passing attention to stationary sequences or to time do-
main questions. (See, however, Masani’s comments in [7].)

Kolmogorov’s discussion of the prediction theory for one-dimensional
stationary sequences was so complete that attempts to generalize it to
the vector valued situation have enriched harmonic analysis, influencing
among other areas, the theory of matrix-valued H? functions and their fac-
torization. A corresponding development of spectral theory for stationary
random fields is very much the concern of present-day research.

Time domain analysis. The analysis of the Wold decomposition given
in [6] can easily be identified as a special case of the more general and
abstract form discovered by Halmos twenty years after the appearance of
Kolmogorov’s paper [3]. Let V' be an isometry on a separable Hilbert space
#. Then # has the decomposition

(5) ¥ = oS eVHRY)
k=1

where R = V(#). The spaces V¥(R') and V/(R'Y) (k # j) are mutually
orthogonal and the restriction of V' to /Z, is unitary. The Wold decomposi-
tion can be written in the form (5) if we make the following identifications:
# = H(x,0), V = the restriction of U~! to H(x,0) where U is the unitary
operator associated with (x,): Ux, = x;41, Rt = H(x;0)© H(x;—1) (the
“innovation” subspace) and Z, = H(x; —0).

Extensions of the decomposition (5) to more general processes and its
relevance to the invariant subspace problem is yet another link, now well
understood, between prediction theory and harmonic analysis.

The development of a nonlinear or nonstationary theory of prediction,
interpolation and filtering has, not surprisingly, concentrated on the time
domain approach. (See Cramér [1] for the beginnings of a spectral the-
ory of nonstationary harmonizable processes and also the recent book of
Priestley [8].)

The theory of representing a second order PND process (x;) in terms
of innovation processes in the discrete parameter case (or differential in-
novation processes in the continuous parameter case) is due to Hida and
Cramér [1, 4]. The best linear predictor can be directly obtained from
such a representation.

The modern nonlinear theory essentially views the processes as stochas-
tic dynamical systems and formulates the problem in terms of stochastic
differential equations. Hilbert space techniques are inappropriate and have
to be replaced by structural assumptions of a different sort. (See the article
by Kallianpur in [5].)
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Statistical analysis. Some general comments might be in order pertain-
ing to the statistical problems treated in this book. An estimate of an un-
known parameter 6 appearing in the distribution of the process in question,
is any measurable function Ty(x),...,xy) of the observations xi,..., xy.
{Tn} is a consistent estimator of § if Ty — @ in probability (or almost
surely) as N — co. Among consistent estimators, a further desirable prop-
erty is that ay[Tn — 6] have a limiting distribution G (usually Gaussian)
as N — oo, for suitable norming constants ay — co. Both these properties
are of an asymptotic character. There are other properties for fixed sample
size: The estimate T is unbiased if, for each N, ETy = #. Among all
unbiased estimates, one might look for one whose variance is smallest, i.e.,
for which E(Tx — 0)? is a minimum. In most statistical problems in time
series it is the asymptotic properties that are within our reach.

From the point of view of applications, the solution of the prediction
problem (the same is true of filtering and interpolation, not discussed here)
provided by the Kolmogorov-Wiener theory cannot be used since, in prac-
tice, the spectral density (and so also the covariance function) is unknown
and has to be estimated from the data. The estimation problems connected
with the spectral density may be posed at three different levels:

(a) The functional form of the density f(4, 8) is known but depends on
a finite number of real parameters 6§ = (6,,...,6;). An important class
of processes that falls under this heading is the ARMA (autoregressive
moving average) model.

(b) Estimation of f(1) at a particular frequency A.

(c) Estimation of the function f(-). This is an example where the pa-
rameter is infinite dimensional and is not treated in the book.

The main difference in technique with similar problems in other areas
of statistics is the difficulty caused by the fact that the observations are not
stochastically independent but are data coming from a stationary sequence.
Two assumptions that are most often made to deal with this difficulty (in
addition, of course, to other assumptions having to do with smoothness
or the existence of moments) are strict stationarity and the strong mixing
condition: The process (x;) is strictly stationary if the joint distribution of
every arbitrary vector (x;,,...,X; ) is invariant under time shifts.

A strictly stationary process (x;) is strongly mixing if the following con-
dition holds: Let 4, be the o-field generated by {x;,k < n} and %, the
o-field generated by {x;,k > n}. Then

sup |P(BNF)— P(B)P(F)|=a(n) —0 asn— oo.
Be?p
FeS,

The strong mixing condition essentially says that the dependence of the
sequence is short range, that is, the past and future of (x;) are asymp-
totically independent. It was introduced by Rosenblatt in 1956 and has
proved indispensable for establishing convergence to a Gaussian distribu-
tion. It is used in the book to derive the asymptotic normality of a large
class of spectral density estimates in Problem (b). An important example






