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The statistical theory of stationary sequences (or time series) and ran­
dom fields has acquired such a vast literature over the last thirty years that 
finding one's way through its various ramifications is no easy task. This 
elegantly produced monograph by one of our most distinguished experts 
on stationary stochastic processes consists of a selection of topics on the 
frontiers of current research in this field. A great deal of the material is 
based on the author's own work or a direct development of it. 

The point of departure for all statistical work in time series is the 
Kolmogorov-Wiener theory which provides the mathematical foundations. 
A brief background of the latter will be helpful to the nonspecialist in un­
derstanding and appreciating the more modern developments. 

The mathematical background. The setting of the linear prediction prob­
lem for stationary sequences in a Hubert space context is due to Kol-
mogorov [6]. This can be seen for any second order process even without 
the stationarity assumption. A second order process x = (xt) is a family 
of real or complex-valued random variables xt(co) defined on a probability 
space (Cl,^,^) such that E\xt\

2 < oo for each t. (The symbol E stands 
for integration with respect to the measure P(dco).) It is convenient to 
assume Ext = 0. The index set over which t varies is either Z or R. In 
the former, discrete time case, one speaks of a sequence. If t e R, (xt) is 
assumed to be L2-continuous in t. The terms sequence and process will be 
used interchangeably in this review. 

Each xt can be regarded as an element of the real (or complex) Hubert 
space L2 = L 2 ( î î , ^ , ^ ) , with inner product (w, v) = E(uv). For purposes 
of linear prediction, the "history" of the process is given by the family 
of Hubert spaces H(x;t) := closed linear subspace of L2 generated by 
{xs,s < t}. H(x\ -oo) = f]t H(X; t) is called the remote past of x, H(x; t), 
the past and present up to t and H(x\oo) := VtH(x;t), the history of x. 
The problem is to obtain the optimal (i.e., least squares) predictor xu\t of 
a future state xtx given {xs,s < t}, (t\ > t). Since the optimality criterion 
requires that the prediction error \\xt{ - xtx\t\\ = mîueH{x,t) II**, - w|| the 
solution is given by the orthogonal projection xt{\t = Pro}H^x.^xtl which 
satisfies the equation 

(1) (xtx\t>Xs) = {xtl,xs), for all s <t. 

Prediction theory, therefore, is concerned with the finding of com­
putable algorithms for the predictor and a computable formula for the 
error. 

(xt) is called a (weakly) stationary sequence, if t e Z (a stationary pro­
cess if t G R) and the covariance function E(xtxs) = rt-s. In the discrete 
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time case, 
rt= [* eitXdF(X) 

J — 71 

and in the continuous time case, 

/

oo 
eMdF{X) 

-oo 

where F is called the spectral distribution function of x. These results, 
the first due to Herglotz and the second due to Bochner, Khinchin and 
Wiener, were already in existence before the work on prediction theory. 

In 1938, applying the newly emerging theory of stochastic processes to 
time series analysis, H. Wold obtained a decomposition of a stationary se­
quence, now bearing his name. It was left to Kolmogorov to exploit the full 
significance of these developments. In his famous, beautiful 1941 paper, 
[6], he gave a formulation of the theory in terms of the geometry of Hubert 
space and made the Wold decomposition the basis for a deeper analysis of 
x itself. The process x is called regular or purely nondeterministic (PND) 
if H(x\ -oo) = 0, it is singular or deterministic if H(x; -oo) = H(x). 

Wold decomposition. If H(x;-oo) ^ H(x)9 then (xt) has the unique 
decomposition 

(2) xt = x\ + x[' 

where (x't) is PND, (x") is deterministic and the Hubert subspaces H(x') 
and H{x") are mutually orthogonal. 

It was shown in [6] that the sequence (xt) is PND iff its spectral distribu­
tion is absolutely continuous and the spectral density satisfies the condition 

/ " 
J—j 

log ƒ"(A) d'À > -oo 

(Paley-Wiener criterion for the discrete time case). Kolmogorov also ob­
tained an H2-factorization of the spectral density f{X) — \y/(e~a)\2 where 
y/ is an outer function in Beurling's terminology. The process (xt) has a 
one-sided moving average representation 

oo 

(3) xt = J2 CJ&~J (EZA = Sj-k) 
j=0 

where the coefficients Cj are those of the function 
oo 

(4) y,(z) = J2cjzj-
7=0 

The expression for the optimal predictor can be immediately written down 
from (3) and (4). The one-step prediction error is given by the Szegö 
formula 

\\xt+\ -*H-i|f||2 = 27rexp|— ƒ \ogf(X)dx\. 


