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matrix ideal) from a semifir is considered. There are some nice results 
here. For example it is shown that the group algebra of a free group is a 
fir (there are other proofs) and that the algebra of rational power series is 
also a fir. 

The notes at the end of each chapter give a good account of the history 
of the subject. The exercises are plentiful, and range from fairly difficult 
to open problems (the reader is warned of which category he is dealing 
with). 

This text is an invaluable tool for the researcher and the diligent reader 
will find it quite rewarding. The reader interested in more examples and 
applications (some spectacular) is directed to Cohn's companion volume 
[1], and especially to Schofield's lovely monograph [2]. Both of these give 
accounts of Bergman's indispensable coproduct theorems. 

REFERENCES 

1. P. M. Cohn, Skew field constructions, London Math. Soc. Lecture Notes no. 27, Cam­
bridge Univ. Press, Cambridge, 1977. 

2. A. H. Schofield, Representations of the ring over skew fields, London Math. Soc. Lecture 
Notes no. 92, Cambridge Univ. Press, Cambridge, 1985. 

JACQUES LEWIN 
SYRACUSE UNIVERSITY 

BULLETIN (New Series) OF THE 
AMERICAN MATHEMATICAL SOCIETY 
Volume 21, Number 1, July 1989 
©1989 American Mathematical Society 
0273-0979/89 $1.00 + $.25 per page 

Sphere packings, lattices and groups by J. H. Conway and N. J. A. Sloane. 
Springer-Verlag, New York, Berlin, Heidelberg, London, Paris, Tokyo, 
1988, xxviii + 663 pp., $87.00. ISBN 0-387-96617-X, and ISBN 
3-540-96617-X 

Most of us, mathematicians or not, playing with pennies or a compass at 
an early age, learnt that six circles fit exactly round an equal one; and most 
of us, whether we have the mathematical language or not, know that you 
can't do better: each outer circle subtends just one sixth of a revolution 
at the centre of the inner one. The kissing number, in two dimensions, is 
six. 

In three dimensions the situation is much less clear. A theorem of 
Archimedes tells us that the solid angle subtended by one sphere at the 
centre of an equal touching sphere is (2 - y/î)n. Divide this into An and 
get 8 + 4v

/3, so the kissing number in three dimensions is less than 15. 
But it's clear, when you try to arrange billiard balls round another one, 
that you have to leave holes: you can always stare through the interstices 
at the central ball. It's not difficult, by taking this into account, to see that 
the kissing number is less than 14, but to prove that it is less than 13 is 
far from trivial. Indeed, as eminent mathematicians as David Gregory 
and Isaac Newton had an inconclusive discussion about it in 1694. The 
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earliest published proofs seem to occur 180 years later [2, 22, 23]; "the 
best... now available," according to the authors, is that of Leech [24]. The 
kissing number in three dimensions is 12, because you can arrange 12 equal 
spheres simultaneously touching a thirteenth. 

Part of the difficulty is the lack of uniqueness of such an arrangement. 
Spheres in three dimensions may be packed in layers, each layer being 
arranged like the packing of pennies in two dimensions, one sphere touch­
ing six in its own layer and three in each of the adjacent layers. When 
a layer is placed on another, its spheres rest in alternate holes, so that 
there are two options in placing each layer, and uncountably many ways 
of packing spheres in 3-space, each of density (fraction of space occupied) 
7T/VT8 « 0.74048, and "many mathematicians believe, and all physicists 
know, that the density cannot exceed this" [30, p. 610]. 

If the first layer is in position A, and positions B and C are the options 
for the next layer, then the special arrangement of the layers, ABCABCA..., 
is a lattice packing, and Gauss [21] showed that, among lattice packings, 
this spherical close packing, or face-centred cubic lattice packing, is the 
densest possible. The authors have recently given a particularly simple 
proof [20]. But the maximum density for nonlattice packings remains a 
notorious unsolved problem. 

Start again: place 13 spheres of unit radius with their centres at the 
12 vertices and centre of a regular icosahedron of diameter 4, so that 
the first 12 each touch the central one. However, the edge-length of the 
icosahedron is \/(8 - 8/\/5) « 2.10292 so no pair of the 12 touch: there 
is a certain amount of room to manoeuvre. The authors (and see also 
[26]) show that there is in fact enough room to permute the 12 spheres 
in any way you like, while still keeping them in contact with the central 
sphere. So it is possible to crowd the spheres together slightly, and locally 
to obtain a higher density than the best known global one [4]: "there are 
partial packings that are denser than the face-centred cubic lattice over 
larger regions of space than one might have supposed." 

So it's no surprise to learn that these problems become even more dif­
ficult in higher dimensions. The kissing number in four dimensions is 24 
or 25. No doubt, if it were a matter on which the defence of nations de­
pended, the possibility 25 would be removed after a few months of diligent 
and ingenious computation. 

But it is a surprise to learn that the kissing number is known to be exactly 
240 in eight dimensions and exactly 196560 in twenty-four dimensions, but 
is not known in other numbers of dimensions. As the authors explain in 
their preface, many of the results in their subject appear to be little short 
of miraculous: they list particularly: 

the occurrence of the Leech lattice as the unique laminated lattice in 
24 dimensions (in contrast to the 23 such lattices in 25 dimensions, and 
hundreds of thousands in 26); 

the one-to-one correspondence between the twenty-three inequivalent 
deep holes in the Leech lattice with the even unimodular 24-dimensional 
lattices of minimal norm 2 (which also correspond to the above twenty-
three); 


