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from what appears to be direct translation from French. The authors are 
blameless in this, in my view, but Springer should be ashamed not to have 
done a decent job of copyediting.) In the face of the importance of the 
subject matter, it has been surprising how difficult it has continued to be 
to make one's initial foray into Riemannian geometry. While there may 
be no royal road to geometry, this book offers at least some clear signposts 
to readers. But its terseness leaves them to walk a great many lonesome 
valleys by themselves. 
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Teichmüller theory often reminds me of a mathematical foundling. It 
first appeared, albeit in a different guise, in the attempt by Friedrich Schot-
tky to prove that Riemann surfaces (qua algebraic curves) can be uni-
formized (parametrized) by meromorphic functions defined in plane do­
mains. According to Felix Klein, Weierstrass, as Schottky's thesis advisor, 
rejected this (quite correct) argument and removed it from the thesis. So 
Teichmüller theory was almost stillborn. It explicitly appears first in the 
work of Klein's collaborator, Robert Fricke. The theory was discovered 
anew by Oswald Teichmüller around 1940 and reached maturity around 
1960 under the tender care of Lars Ahlfors, Lipman Bers and their students 
following pioneering work of Ernie Rauch. 

Almost immediately the theory found a series of foster parents. First, 
algebraic geometers took us, the noble but isolated practitioners of this 
iconoclastic discipline, under their mightly wings. We learned the joys of 
providing lemmas solving partial differential and integral equations and 
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various other nuts and bolts results. These served to render provable such 
theorems as "The ?%#$! functor is representable." After Mumford, Knud-
sen, Gieseker et al. proved that the moduli space of stable curves is a pro­
jective algebraic variety, we were given two weeks notice and severance 
pay. 

Fortunately, our role as homeless waifs was to be short-lived. Having 
toiled in the field of mostly hyperbolic surfaces, we had also extended our 
labors to hyperbolic 3-manifolds or, in our language, to Kleinian groups.1 

A new foster home was waiting in the wings. For Bill Thurston, having fin­
ished foliating higher dimensional spaces, had started studying hyperbolic 
surfaces and 3-manifolds. After him, followed the children of topology. 
Here again a foreign language was used to express results, some of which 
we were told were our own. 

Then came the merger of complex analysis and dynamical systems, mod­
elled on the theory of Kleinian groups and lead by Douady, Hubbard, Sul­
livan and Thurston. And behold, they needed a deformation theory. So 
Teichmüller theory, like Lazarus, again rose to assist Sullivan in showing 
that iteration of rational functions leads to no wandering domains. It pro­
vided, as a byproduct proved at various times and levels by Mane, Sad 
and Sullivan [16], Sullivan and Thurston [19] and Bers and Royden [8], 
the main theorem on extending holomorphic families of motions. This 
most astounding of theorems is now called the X-lemma. 

The past thirty years have been kind to Teichmüller theory. Applica­
tions have arisen in a wide variety of mathematical areas and it seemed 
to have developed a stable clientele. Then, in the mid 1980s, some of 
us started receiving strange calls from physicists. They seem to need 
Teichmüller theory too.2 The Teichmüller space seems to play a central 
role in string theory. It was also the model for the moduli theory of Yang-
Mills fields. So we might conclude, as I. M. Gelfand remarked to Lipman 
Bers, that Teichmüller theory has tenure in physics. 

Soon it may be appropriate for me to say what Teichmüller theory is 
all about. First let me place it in the mathematical firmament. Bers once 
called it the higher theory ofRiemann surfaces. I never quite understood 
that comment. I can only speak—forgive me, I mean write—as a prac­
titioner. To work in Teichmüller theory is to work in an active classical 
discipline which lies at an intellectual crossroads for contemporary mathe­
matics and high-energy physics. We don't seem to be at a loss for problems 
important either for internal structure or application to external areas. 

1. What is Teichmüller theory and where did it come from? In the late 
1920s, Helmut Grötzsch [13] posed and solved an extremal problem for 
^°°-mappings between two rectangles. He asked for the diffeomorphism ƒ 
from one rectangle R\ to the other R2 which was the most nearly conformai 
map and, further, which mapped an ordered set ^ of vertices of R\ to an 

1 It was really Poincaré who named them. 
2The physicists seem to think that the study of Riemann surfaces forms a branch of 

algebraic geometry. To me it is indicative only of the fields of specialization of the people 
to whom they first spoke. 


