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In the beginning (or shortly thereafter) there were complex projective 
surfaces. These algebraic subsets of Pn(C) of complex dimension 2 were 
extensively studied by Italian geometers, such as Castelnuovo, Enriques, 
and Severi, during the late nineteenth and early twentieth century. It soon 
became apparent that the key to understanding such surfaces is to study 
the curves which they contain. Thus if X c PW(C) is a smooth surface, 
one looks at the curves C c X\ and, more generally, one looks at the 
free abelian group generated by these curves, which is called the group 
of divisors on X and is denoted 

Div(AT) = I ^2 nc[C]: nc e Z, almost all nc = 0 \ . 
iccx J 

Associated to a rational function ƒ on X is its set of zeros and poles; 
taken with multiplicities, these zeros and poles give a divisor. Two divisors 
D\,Di G Div(Ar) are called linearly equivalent if their difference D\ - Di 
is the divisor of a function. 

Given two distinct curves C\ and Ci on X, one can count the number 
of points where they intersect (with multiplicity, if the intersection is not 
transversal). Extending this intersection index linearly to Div(X) gives the 
intersection pairing 

( , ) : Div(Z) x Div(X) -+ Z, 
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defined a priori for divisors with no common components. An impor­
tant property of the intersection pairing is that it is invariant under linear 
equivalence. (I.e. If D\ is linearly equivalent to D2, then (D,D\) = (A A ) 
for all D e Div(X).) This allows one to move a divisor, and so to define 
(A, D2) for all pairs of divisors. Virtually all of the major theorems in the 
classical theory, such as the Riemann-Roch theorem, Hodge index theo­
rem, Castelnuovo's criterion, and Noether's formula, involve divisors and 
their intersections. (See, for example, [9, Chapter 4 or 10, Chapter 5].) 

A Fibered Surface 

FIGURE 1 

One way to study the curves on a smooth surface is by looking at the 
fibers of a map 0 : X —• P1; or more generally, of a map </> : X —• S 
to an arbitrary curve S. For all but finitely many points s e S, the fiber 
Xs = (t>~l(s) will be a single smooth curve; and there will be some finite 
set of points {s\,... ,sr} whose fibers Xs. consist of one or more possibly 
singular curves. This fibration divides the curves on X into two sorts, 
those which are fibral and those for which the map (j) : C —• S is a finite 
covering. (See Figure 1.) 

During the 1960s Grothendieck suggested studying fibrations <j> : X —> S, 
where S is no longer an algebraic variety. For example, let S = Spec(Z), 
the set of prime ideals in Z. Then X is given by the zeros of a collection 
of polynomial equations with integer coefficients; and for a point s = 
(p) G 5, the "fiber" Xs consists of the same equations reduced modulo 
p. For example, suppose that X is the subset of P2 given by the single 
homogeneous equation 

^ : x 3 + y 2 z + z3 = 0. 

The complex solutions to this equation, denoted XQO(C), give a smooth, 
projective curve of genus 1 (a so-called "elliptic curve"). The fiber of 
0 : X -> S lying over the point s = (p) is a curve over the finite field F/. 

Xs = {[x,y, z] e P2(FP) : x3 + y2z + z3 = 0}. 


