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To study the Laplace-Beltrami operator on a Riemannian manifold,
one approximates the manifold in a neighborhood of a given point by
Euclidean space and the operator by a second order constant coefficient
operator which, in terms of appropriate coordinates, is just minus the
Euclidean Laplacian. One can then exploit the abelian group structure of
R”" and the Euclidean dilations. The Laplacian on R” is a second order
translation invariant differential operator which is homogeneous of degree
2 with respect to Euclidean dilations:

(1) Af(Ax) = 2*(Af)(Ax).

The symbol of the Euclidean Laplacian is —|&|?, which vanishes only at 0,
so one can use classical pseudodifferential operator calculus to construct
a parametrix for the Laplace-Beltrami operator. Certain other operators
which arise naturally do not satisfy (1). For example, the heat operator
0/0t — A on R™*! is not homogeneous with respect to Euclidean dilations,
but it is homogeneous of degree 2 with respect to the nonisotropic dilations

() Si(x, ) = (Ax,A%), x€R", teR

The principal symbol of the heat operator is |¢|*> which vanishes on the
line & = 0, but the full symbol |£|? + it vanishes only at 0. Thus, although
classical pseudodifferential operator calculus does not apply, a modifica-
tion does—one treats the dual variable 7 of ¢ as a second order symbol,
since it is homogeneous of degree 2 under the dilations (2). On R3 with
coordinates (x,y,t), the operator

(3) X2 +7?

where X =9 /8x + 2y(0/0t) and Y = 8/0y — 2x(0/dt), is also homoge-
neous of degree 2 under the dilations (2). The vector fields X and Y are
left invariant vector fields on the three dimensional Heisenberg group Hj,
so (3) is also left invariant. It is not elliptic, but it is subelliptic. Unlike
the heat operator, its full symbol at the origin of H; vanishes on the 7 axis,
where 7 is dual to ¢.

The Heisenberg group can be identified with the boundary of the Siegel
domain Q = {(z,w) € C2:Imw > |z|?} via the map (x,y,t) — (x + iy,
i|z|?). Under this identification, if Q is equipped with a certain invariant
metric, the operator (3) is —4RelJ, acting on functions on the boundary
of Q. The operator [J, is a second order differential operator associated
with the tangential Cauchy-Riemann, or 8;, complex on the boundary of
a domain in C” or, more generally, on a CR manifold. It arises naturally
from the study of the boundary behavior of holomorphic functions and 8






