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Superanalysis, by F. A. Berezin, is a posthumous work, combining sev­
eral of Berezin's preprints on Lie supergroups and superalgebras with frag­
ments of a textbook on supermanifolds. Included also is an appendix by 
V. I. Ogievetsky on supersymmetry and supergravity. 

At its foundational level, superanalysis is a simple generalization of 
commutative algebraic geometry. The basic notion is that of a Z2 -graded 
vector space, a vector space V with a decomposition into two subspaces: 
V = VQ@VI. For v € Vi, i is called the parity of v, and is denoted by \v\. 
If V and W are Z2-graded vector spaces, then there is a supertwist map 

V®W ->(-l)HMw<g)î;. 

A Z2-graded algebra A is supercommutative if it satisfies the usual diagram 
for commutativity 

A®A ——> A®A 

mult mult 

A 
where T is now the supertwist. 

Thus supercommutative algebras, being in a sense commutative, inherit 
virtually unaltered the elementary theory of their commutative counter­
parts. The subject of superanalysis therefore organizes itself around the 
following themes: 

1. Any superanalytic object will ultimately bear a strong resemblance to 
its classical analogue. 

2. The understanding the first theme often requires more than a super­
ficial understanding of the classical case, and this in itself makes the study 
of superanalysis worthwhile. 

Berezin's book seems to resist these guiding principles. It conveys rather 
the impression that with the introduction of anticommuting coordinates, 
a new world of "supermathematics" appears. 

The introductory chapter lays out the definitions of supermanifold, Lie 
superalgebra, integral and differential calculus on superspace. These defi­
nitions are repeated and expanded in later chapters. 

Chapter 1 is entitled Grassmann algebra. By Grassmann algebra we 
mean an exterior algebra, AA(M), where A is a commutative algebra and 
M is a free ^4-module. If A is the algebra of smooth functions on a do­
main [ / c R " , and if a set of generators f1,... ,£m is given for M, then 
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Berezin denotes AA(M) by A(U). A(U) is made into a supercommuta­
tive algebra by declaring the elements of A to be even and the generators 
of M to be odd. Given any Z2-graded algebra B9 a graded derivation, or 
superderivation of B is a linear map D: B —• B satisfying 

(1) D(fg) = D(f)g + (-l)MMfD(g). 

The Lie superalgebra of graded derivations of A(U) is freely generated 
by d/dxl,...9d/dn,d/d{\...9d/dZm. Fora given number of odd gen­
erators, m, denote the sheaf U D V -> A{V) by Un\m. This is a sheaf 
of supercommutative algebras. Such a sheaf is called a superspace. The 
essential point is 

PROPOSITION 1 [M]. Let U and V be connected open subsets of Rn. 
Then there are natural bijections between the following sets 

(1) Hom(t/"'m, V"\m) in the category of super spaces. 
(2) Hom(r(t/, Un\m)9T(V9 V

n\m)) in the category of supercommutative 
algebras over R. 

(3) Tuples 

{y\x9Ç)9...9y
n{x9Ç)9 ril(x,i),...9rim(x,Z)) 

e (T(U, U^m))n e ÇT(U9 U?m))m 

such that for all x e U, y(x90) e V. The morphism of superspaces 
defined by (y9 rj) is a local isomorphism in a neighborhood of a point 
x e U if and only if the matrix ofpartials, 

(
dyl drja\ 
dxJ dxJ I 
dyl dtf_ r 

is invertible at x. 

From Proposition 1 it follows that there are categories of smooth, ana­
lytic or algebraic supermanifolds, on which one may develop a differential 
calculus in analogy with differential calculus on purely even manifolds. 
For instance, a C°° supermanifold is a ringed space {X9sf) which is lo­
cally isomorphic to Un\m

9 as a sheaf of supercommutative algebras over 
R. Superanalysis does not pursue this simple line directly, but presents 
instead a lengthy discussion of such aspects of the Grassmann algebra as 
its ungraded automorphism group, and the various sorts of involutions one 
can introduce. 

Next follows a chapter entitled Superanalysis, where integration and 
differentiation are discussed again. Integration on supermanifolds was 
Berezin's invention, and it is the first aspect of supergeometry in which the 
generalization from the purely even case is not obvious. Given a compactly 
supported superfunction, ƒ e A(U)9 set ƒ = £ f^(x)^9 ju being a multi-
index of 0's and l's, and define 

(3) ƒ f{xA)d(x9Q = j f{K^x){x)dx. 


