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Cartan subalgebra need not give rise to a Laplace operator on the super­
group. The author shows, however, that under suitable hypotheses, satis­
fied for U(p, q) and C(m,n), one can recover the classical result by consid­
ering instead rational Weyl invariant functions on the Cartan and the field 
of fractions of the algebra of Laplace-Casimir operators. Unforturnately, 
this interesting idea is tossed of rather lightly, leaving its meaning unclear 
(at least to the reviewer). 
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Few areas of twentieth century scientific thought have provoked more 
puzzlement, outrage, and disbelief among the general populace than that 
part of modern physics which asserts that the true geometry of the natural 
world is profoundly different from the "common sense" geometry can­
onized by Euclid. The definitive revolution in this area was, of course, 
that wrought by Einstein, Minkowski, and their contemporaries, who dis­
covered a new geometry, not of space but rather of space-time. This 
change of perspective had, in retrospect, been waiting to happen ever since 
Maxwell wrote down his field equations for electromagnetism; it was not 
new physics, but rather the casting of the symmetries of the old physics in 
a geometrical guise, that brought the new geometry into existence. 

In the last decades, a number of new geometric ideas have entered the 
arena of theoretical physics, often with lasting repercussions for mathe­
matics. The present book deals with three families of such ideas: those 
of nonabelian gauge-field theory, of twistor theory, and of supersymmetry. 
The main thrust of the work centers on an exegesis of a paper in which Ed 
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Witten [14] discovered a remarkable interplay between these three families 
of ideas, but the reader will encounter along the way a number of interest­
ing digressions which lead to results untreated elsewhere in the literature. 

Gauge theory in the present context means the study of the Yang-Mills 
equations. On a vector bundle E over a pseudo-Riemannian manifold M, 
a connection V is said to satisfy the Yang-Mills equations if its curvature 
2-form F is co-closed: 

•dv*F = 0 
where * denotes the Hodge-star operator and d^ is the lift via V of the 
de Rham exterior derivative to bundle-valued forms. (Equivalently, we 
demand that VaFab = 0.) If M is Minkowski space and E —• M is a rank 
one bundle (i.e. a line bundle), F is a 2-form in the elementary sense, and 
its six components are simply required to satisfy the equations Maxwell 
wrote down to govern the three components of the electric field and the 
three components of the magnetic field. If, on the other hand, M is a 
compact Riemannian manifold, but if E —• M is again rank one, the 
Yang-Mills equations just demand that the curvature of E be the unique 
harmonic 2-form which, by Hodge theory, represents the Chern class of 
the line bundle. The Yang-Mills equations thus may be thought of as nat­
ural generalizations of both Maxwell's equations and the Hodge equations 
for a harmonic form. Unlike these equations, however, the Yang-Mills 
equations become nonlinear when the fibers of our vector bundle have 
higher dimension. These equations (or, strictly speaking, the quantum 
theory of the action from which they spring) are now widely believed to 
govern the strong force which binds together the nuclei of atoms, and a 
slight variant is used to account for the weak force which regulates the 
beta decay of neutrons. Through the remarkable work of Simon Donald­
son [4], the Yang-Mills equations have, in addition, become the major tool 
in four-dimensional differential topology. 

Twistor theory, the second family of geometric ideas featured here, orig­
inated out of a series of insights of Roger Penrose [12] concerning rela­
tions between the conformai geometry of Minkowski space, complex anal­
ysis, and the solutions of certain conformally invariant differential equa­
tions such as Maxwell's equations. Consider the 2-sphere of all light-rays 
through a point of space-time; we may think of this as the field of vision of 
an ideal observer capable of looking in all directions at once. One might 
ask how the rest-frame of this observer influences the geometry of his field 
of vision. The answer is that its conformai geometry is independent of 
rest-frame, so that the picture of the world seen by two colliding observers 
at their moment of collision would only differ by a Möbius transformation 
of the Riemann sphere. In short, the 2-sphere of light-rays through a point 
in space-time has the structure a complex 1-manifold. In flat space-time, 
these complex structures fit neatly together, to the following beautiful ef­
fect: the set of all light-rays in Minkowski space has the structure of a 
5-dimensional real hypersurface in a complex 3-manifold; namely, it can 
be identified with a real hyperquadric in complex projective 3-space minus 
a projective line. This CP3 is known as (projective) twistor space. It turns 
out that holomorphic objects (bundles, cohomology classes, etc.) on this 


