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relation B satisfies five axioms, one of which is Pasch's Law, and the other 
is a version of Dedekind continuity. 

Chapter 3, Projective transformations "develops an alternative method 
of coordinatising a metric affine plane by embedding it into a projective 
plane, and using the orthogonality relation to define a matrix-representable 
transformation on the line at infinity. The construction will be central to 
the subsequent treatment of metric affine spaces of higher dimension." 

The investigations conducted by the author in Chapters 3 and 4 show 
that there exist only two nonsingular metric affine threefolds (Euclidean 
and Minkowskian spaces) and only three nonsingular metric affine four-
folds (Euclidean, Artian and Minkowskian spaces), if these spaces carry the 
ternary relation "between." Such spaces are called continuously ordered. 

The word "order" occurs in Appendix B "After and the Alexandrov-
Zeeman Theorem" for the second time, where the author shows that the 
notions "between" and "orthogonal" can be defined in terms of the notion 
of "after", i.e. an ordering which is given on affine space. Hence the 
method of axiomatization of spacetime based on the orthogonality relation 
must be considered as part of the program of the construction of causal 
theory of spacetime which was proposed by A. D. Alexandrov [1, 2]. 

This book is read with pleasure, and will be useful for the students who 
are wishing to become geometers. 
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In [19], F. Riesz introduced what has come to be called the Riesz de­
composition property. An ordered (abelian) group is said to have the Riesz 
decomposition property if the sum of two order intervals is again an or­
der interval. Riesz showed, among other things, that the cone of positive 
additive functional on an ordered group with this property is a lattice. 
(In the case that the group has an order unit, this says that the compact 
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convex set of positive additive functional equal to one on the order unit 
is a simplex.) 

In [1], G. Birkhoff showed that the Riesz decomposition property is 
equivalent to what he called the Riesz interpolation property, a property 
which is expressed purely in terms of the order structure of the ordered 
group: if X\,X2 and y\,yi are elements with xt < yj for all i and 7, then 
there exists an element z with Xj < z < yj for all i and j . This property, 
of interest in itself, is often more convenient to verify in an ordered group 
than the Riesz decomposition property. For instance, Riesz proved that 
an ordered group which is a lattice has the decomposition property,—but 
it can be seen immediately that any lattice has the Riesz interpolation 
property. 

As examples of lattice-ordered groups,—besides the span of the positive 
functional on an ordered group with the interpolation property—, Riesz 
pointed out the group of continuous functions on a topological space, and 
the group of harmonic functions in the plane, both with the pointwise 
order. 

As an example of an ordered group with the interpolation property 
which is not a lattice, Riesz mentioned the field of rational functions 
on an interval. His proof of the decomposition property in this case is 
simple, but powerful: it is valid for any ordered field, and consists in ob­
serving that, for every x > 0, [0,x] = x[0,1], where [0,x] denotes the 
order interval {a\0 < a < x}. In any ordered commutative ring in which 
this property holds, the Riesz decomposition property (which says that 
[0, a + b] = [0, a] + [0, b] whenever a, b > 0) follows immediately (by set­
ting x = a + b). Another example (besides a field) of an ordered ring with 
the property [0,x] = x[0,1], x > 0, is the ring of real-analytic functions 
on an open interval, with the pointwise order. 

Inspection of Riesz's proof reveals the following, related, result. If an 
ordered commutative ring has the property that, for every x > 0, [0,x2] = 
x[0,x] and, moreover, the map [0, x] 3«-> xa e [0,x2] is injective, then the 
Riesz decomposition property holds. To see this, note first that the map 
[0,x] 3 a »-• xa e [0,x2] must be an order isomorphism. (If a, b e [0,x] 
and xa > xb, so that x(a - b) e [0, x2], then x(a -b) = xc with c e [0, x], 
and, as a - b and c belong to [-x,x] = [0,2.x] - x, by injectivity of 
[0,2x] 3 y H-> 2xy one has a - b — c, i.e., a > b.) Now, if 0 < a, b and 
c G [0, a + b] then, with w e [0, a + b] such that ac = w(a + b), one verifies 
that w e [0, a] and c - w e [0, b]\ this uses the hypothesis with x = a + b 
(and also with x = 2{a + b) and x = 4(a + b)). The property hypothesized 
above holds in the ring of Cn -functions on a manifold, with the pointwise 
order, exactly when n = 0 or n = 1, or else n = 00 and the dimension of 
the manifold is one. That this ordered ring has the Riesz decomposition 
property in the last two cases appears not to have been noted. Whether it 
does in general is not clear. 

Another example of an ordered ring with the Riesz decomposition prop­
erty is the polynomials on an interval, with the pointwise order. That the 
polynomials have this property was proved by Fuchs in [11], using the 
Weierstrass approximation theorem. The Riesz property for polynomials 


