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PROGRESS IN THE THEORY OF COMPLEX ALGEBRAIC CURVES

DAVID EISENBUD AND JOE HARRIS

ABSTRACT. We describe the contemporary view of the theory of algebraic
curves over the complex numbers, with emphasis on the moduli spaces
of curves and linear series on them. We then give an exposition of some
of the recent work on the question of the rationality of the moduli space.

Introduction. In the last twenty years there has been a major develop-
ment in our understanding of algebraic curves. A number of the classical
problems have been solved and new directions of investigation have been
begun. We will describe some of the history of the theory, and how it led
to the modern point of view, and we will sketch proofs of many of the
main assertions. Then we will explain something of how the modern ideas
have been used to solve some old problems.

Many features of the current wave of progress are closely connected
with patterns that go back to the earliest period in the development of the
theory, so it’s best to start with ancient history. To talk of complex projec-
tive curves, you need the complex numbers and you need projective space,
so “ancient history” for us will start when these things become available,
between about 1800 (Gauss’ proof of the fundamental theorem of alge-
bra) and 1830, (the introduction by Pliicker of homogeneous coordinates
for the projective plane). It goes without saying that the history below is
that of a Mathematician and not of an Historian—it should probably be
described as “fictionalized.”

Naturally we will have to leave out parts of the theory of curves at least
as rich as the parts we can put in. We beg pardon in advance from anyone
whose favorite bit we’ve skipped. A more detailed development along the
lines of this article may be found in lectures from the Bowdoin conference
(Harris [1988]). A very beautiful survey covering a different range of topics
is that of Mumford [1976].

A curious aspect of the history of algebraic curves, as with other parts
of algebraic geometry, is the breakdown of rigor which deeply affected the
theory, leading to its virtual stagnation in a mire of unproved assertions
and incomplete proofs in the end of the first third of this century. The
late nineteenth and early twentieth centuries were of course a period of
enormous vitality in algebraic geometry, a period in which a large fraction
of our current knowledge of curves and surfaces was obtained. In some
cases the low rigor was simply the result of the fact that people lacked a
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good language for expressing their new discoveries, or the fact that they
expressed as theorems what might now be called “certainly true conjec-
tures,” in the fashion of modern number theory. But in shockingly many
instances, we see now that the “proofs” were based on the then traditional,
but totally inadmissible, lack of concern with certain “exceptional” cases—
cases which were in fact not exceptional at all, but were crucial to the truth
of the main assertions even in the best and most centrally important cir-
cumstances. A number of the assertions whose original proofs were thus
tainted will appear in their modern guise in our story.

It is interesting that mathematicians have in general handled the cir-
cumstances of these wrong and incomplete proofs rather charitably. The
phrase “X’s Theorem,” when it is finally noticed that X gave no proof,
usually becomes “X’s Conjecture,” and turns back into “X’s Theorem,” or
sometimes “X-Y’s Theorem” if and when Y finds a proof. (Perhaps a new
term for this class of mathematical utterances should be coined. Why not
speak of “X’s Folly”—not in the pejorative sense of the word folly, but
rather in the sense of enlightened madness?)

In any case, perhaps partly encouraged by the successful reexamination
of general position and transversality arguments in topology and differen-
tial geometry, these ideas have been broadly studied by algebraic geome-
ters, and many of the applications to the theory of curves have been put
right. It is one stream of the work in this direction, and the new results it
has brought, to which we will address ourselves in the second part of this
article. To prepare the ground, the first part will be taken up with a sketch
of some of the fundamental ideas and results of the theory of curves.

There are, as we indicated, many recent developments of great interest
which we will not discuss below. We will at least give references to a few
of these, which include the theories of nodal plane curves (Harris [1986]),
of curves in P? (Gruson-Peskine [1978, 1982], see also Hartshorne [1982]),
and of Weierstrass points (see for example Eisenbud-Harris [1987] and
Morrison-Pinkham [1986], where there are also many further references);
and the Schottky problem (Arbarello, DeConcini, Donagi, Fay, Gunning,
Shiota, Welters, ... —see for example the survey [1988] of Arbarello).

We are grateful to Scott Wolpert who read a preliminary version of this
report, helped us with our history, and suggested many useful references.

I. Basic notions of the theory of curves.

IN THE BEGINNING...curves were in the plane; that is, a curve was an
equation in two variables (or a homogeneous equation in 3 variables, which
defines a curve in P2 = {(x : y : z) = (x, y, z)/scalars}, a compactification
of C2. Two features of this “world-view,” in particular, had very significant
consequences for the future development of the theory:

FAMILIES OF CURVES. It was natural from the first to consider families
of curves: having written an equation, why not let the coefficients vary? At
least in the homogeneous case, this variation does not change the degree
of the equation. Accordingly, nothing could have been more natural than
to study the family of all curves of given degree as itself an algebraic
variety—it is just the projective space of homogeneous equations of that
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degree. (The use of projective space here is natural since two equations
that differ by a scalar vanish on the same points and thus define the same
curve.)

SINGULAR cURVES. The family of plane curves of a given degree natu-
rally included singular curves, so that even if these did not have precisely
equal rights, they were at least present to be reckoned with. As one fol-
lowed paths around in the family, say

yr=x(x-1)(x~1)

as t varies, say ¢ goes to 0, one saw nonsingular curves “degenerating” into
a singular curve—in this case a “nodal” curve. Indeed, many degenerate
forms arise, as indicated in the diagram

smooth curves
degenerate to
nodal curves, which
may degenerate to
either
cuspidal curves
or reducible curves

o X
>

FIGURE 1
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Even “reducible” curves (that is, curves that may be described as the
union of several curves) and “nonreduced” curves are included here. One
may think of a nonreduced curve as a curve “with multiplicity,” such as
for example the “double line” which is the limit of the family of ellipses
x24t-y? =t as t approaches O:

ABSTRACT CURVES. Curves were finally freed from the plane about 1860
through the work of Riemann (their liberation was not universally recog-
nized until at least the time of Weyl, however). At first curves appeared
in the new “Function Theory” as objects which are (ramified) coverings
of P!, renamed the “Riemann Sphere.” This was perhaps not so different
from considering them as objects with embeddings into P2—a link to a
projective space still existed—but the bond to a particular projective space
had been shaken.

This can be seen as one instance of a global trend in mathematics, in
which objects that had initially been defined as subsets of a standard object
were replaced by abstract versions. For example, in differential geometry a
“manifold” had been a subset of R” defined locally by £ functions with
independent differentials; now it became a set with the additional structure
of a topology, coordinate charts and possibly a Riemannian metric. Sim-
ilarly, in group theory a “group” had been a subset of GL, or &, closed
under inverse and multiplication; it became a set with binary operation
satisfying the now-standard axioms. Analogously, through the contribu-
tions of Poincaré, Klein,...,Weyl, from the 1880s to around 1920, (and
of course very much through the rise of topology), curves finally shook off
the need for attachment to a projective space. The term “curve,” by which
had previously been meant a subset of projective space (and most com-
monly the loci of single polynomials in the projective plane), now came to
mean a compact complex manifold of dimension 1.

But how is one to study an object that simply floats by itself? A curve in
P2 has many “features;” for example, points of inflection, or points where
the tangent line is again tangent at some other point of the curve, to name
just two constructs that were important in the early theory. Similarly, if
one studies a curve as a branched cover of P!, the ramification points of
the covering provide convenient handholds for study of the curve. But an
abstract curve seems at first rather featureless.

Another deficiency of the abstract viewpoint is that it is at first diffi-
cult to see how to define families and degenerations of abstract curves.
The very first problem was to decide which curves should fit together in
a family. Whereas the coefficients of a plane curve can be varied, giving
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