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HARMONIC MEASURE IN CONVEX DOMAINS 

DAVID JERISON 

Introduction. Let Q be an open, convex subset of R^. At almost every 
point x of dQ, with respect to surface measure da, there is a unique 
outer unit normal 6. The map g: dQ -* Sn given by g(x) = 9 and 
defined almost everywhere is called the Gauss map. (Sn, n = N - 1, is 
the unit sphere in R^.) Suppose that the origin 0 belongs to Q. Harmonic 
measure for fit at 0 is the probability measure co such that for all continuous 
functions ƒ on dQ1, 

M(0) = f fdco 
Jan 

where u solves the Dirichlet problem: Au = 0 in Q and u = ƒ on dQ. 
Since Q is a Lipschitz domain, Dahlberg's theorem [4] implies that dco 

and da are mutually absolutely continuous. Thus we can define a measure 
fi on Sn by ju = g*a> or 

//(^) = w(^-1(£')) for a l l ocs" 1 . 

We would like to pose the inverse problem: Given a probability measure 
ju on Sn, is there a domain Q for which /z(2?) = co(g~{(E))? Loosely 
speaking, we would like to find the convex domain given harmonic measure 
as a function of the unit normal. 

We will solve the problem in case dju = Rd6, R smooth and positive. 

THEOREM 1. For kan integer >k(N) and0<a<\, let Re Ck>a(SN-{) 
be a positive function with ƒ Rd6 = 1. There exists a strictly convex domain 
Q containing the origin, with Ck+2>a boundary, such that for E c SN~l, 

co(g-{(E)) = J Rd9, 

where g is the Gauss map and co is harmonic measure for Q at 0. The 
domain Q, is unique up to dilation. 

Our problem is natural for three reasons. First, it is analogous and 
closely related to the classical Minkowski problem. Second it is entirely 
solved in the plane by a continuous version of the well-known Schwarz-
Christoffel formula. Third, the proof requires new, optimal estimates for 
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harmonic measure in convex domains. These estimates dovetail with re­
cent optimal estimates for the Monge-Ampère equation due to L. Caffarelli. 
The proof of Theorem 1 depends by way of Caffarelli's methods on the 
entire development of regularity theory in the Minkowski problem. We 
would like to thank L. Caffarelli for explaining his recent results and for 
his encouragement. 

The Minkowski problem is to find a convex body Q given Gaussian 
curvature AT as a function of the unit normal. (See [3].) But K is the 
Jacobian determinant of the Gauss map; informally, dd = Kda or do = 
( 1 /K) dd. Thus the Minkowski problem can be rephrased: Find the convex 
domain Q given surface measure da as a function of the unit normal. 
In our problem we have simply replaced surface measure with harmonic 
measure. 

The Schwarz-Christoffel formula 
m 

O'(z) = reiy/ J J ( z - ^ ) " ^ , ^ i <x2 < ••• < xm, r > 0, y/ e R, 
k=\ 

gives the conformai mapping <S> from the upper half-plane H = {z e 
C: Imz > 0} to a polygon Q with vertices 0(^i) , . . . ,0(xm) , O(oo) and 
exterior angles nfi\9...,7tfim, In — Y^k=\nfik> We confine ourselves to 
the convex case: 0 < fik < 1 and £™=1 pk < 2. (If £™=i fik < 1» then the 
polygon is unbounded, O(oo) = oo.) Observe that argO'(x) = .x-J^Li nfij 
for x G (Xk-\,Xk)k = 1,..., m + 1, with the convention xo = -oo, xm+\ = 
oo. It follows that the outer normal to the side <I>((.Xfc-i >•**:)) is ak = 
x - 71 /2 - nY^JLkfij' S° far Q is only defined up to translation. We 
can fix O by <P(i) = 0. Let ck = co(Q>((Xk-\9Xk))). Then // = ^ c s * 
Furthermore, since the harmonic measure for Q at 0 is the push-forward 
of the harmonic measure for H at /, Ck — \ f*k dt/{\ +12). Thus we can 
realize any ju that is a finite sum of delta functions by a suitable polygon 
Q. 

In general, for an arbitrary probability measure ju on [0,2n) define the 
monotone function U: R —• [0,2n) by 

U(x) = min {a: //([0,a]) > i | ^ ^ J . 

For any JE* c [0,2n), ju(E) = j^ fv-^E) dt/{\ + t2). Define a conformai 
mapping <1> of H by argO^jc) - 7r/2 = U(x). Thus 

O'(z) = exp[-F(z) + i(U{z) + TT/2)] 

where V(z) is the harmonic conjugate of U. If we normalize O by <!>(/) = 0, 
then g*(co) = //, as desired. Notice that V is unique up to an additive 
constant, so that Q is unique up to dilation. Regularity properties of 
the Poisson integral and Hilbert transform imply that if dju = Rdd with 
R e Ck>a(Sl), k = 0,1,2,... 0 < a < 1 and R > 0, then U and V belong 
to Ck+l>a and dQ is a C/:+2'°!, strictly convex curve. 


