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Stochastic analysis is currently one of the most active areas of appli­
cation of nonstandard analysis. This is attested by the copious literature 
surveyed by Cutland [C] and Anderson [A2]. Most current work treats 
probability theory via the Loeb construction [L], which obtains standard 
probability spaces and stochastic processes from nonstandard ones by a 
rounding off operation. The probability spaces obtained are called Loeb 
spaces. The book under review is a general account of the measure theory 
of Loeb spaces and an introduction to the treatment of stochastic processes 
via Loeb spaces. 

Nonstandard analysis is a modern approach to using infinitesimals in 
analysis, or in mathematics in general, to express limits and notions de­
riving from limits. For example, in the infinitesimal calculus on the reals, 

hm — = 4 
x->2 X - 2 

can be expressed in the intuitive way, as 

x2 - 4 
for all x « 2, — « 4. 

x -2 
The symbol ^ means "infinitely close," i.e. differing by an infinitesimal. 
Nonstandard analysis was originated by Abraham Robinson and modeled 
on Leibnitz's theory of infinitesimals. The advantages of the modern the­
ory over that of Leibnitz are that it has precise, rigorously justified rules 
for manipulating infinitesimals, and that the notion of "infinitely close" 
can be used to represent the concept of limit, not only in connection with 
the reals, but in any topological context, and even in some contexts where 
the notion of limit is not exactly topological. For instance, a Loeb space 
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can be thought of as a generalized limit of probability spaces, and there is 
a similar notion for Banach spaces, the nonstandard hull [HM]. 

To make use of infinitesimals, imagine a universe of mathematical dis­
course (such as some form of set theory) which contains, besides the usual 
objects in mathematics, called "standard," additional "nonstandard" el­
ements, which one may think of as ideal objects. All the theorems of 
ordinary, standard mathematics apply in this enriched universe, provided 
they are interpreted in the sense appropriate to it. This property is called 
the Transfer Principle, or sometimes Leibnitz's Principle, because Leib­
nitz said that infinitesimals and infinite numbers should have the same 
properties as reals of more ordinary size. The theory of the enriched, non­
standard, universe is richer than that of the standard universe, because 
it has the distinction between standard and nonstandard objects. For in­
stance, an infinitesimal real number is a nonstandard real which is smaller 
in absolute value than any nonzero standard real. It is desirable that no­
tions such as being infinitesimal be nonvacuous in all interesting cases. To 
this end the nonstandard universe is constructed so as to satisfy a Satura­
tion Principle, which implies this. The construction is carried out using 
tools from mathematical logic, the theory of mathematical languages and 
theories, in particular from its department for manipulating mathematical 
universes, model theory. 

The aim of most work in nonstandard analysis has been to use it to 
obtain results expressed in the language of standard mathematics. This can 
be done because the nonstandard universe is connected to the standard one 
in two ways. The first is the Transfer Principle already mentioned. The 
second is that a nonstandard object can be rounded off to a standard object 
to which it is infinitely close, in some appropriate sense. This rounding 
off is called forming the standard part. The simplest kind of standard part 
is the one on the reals, which maps a nonstandard real to an infinitely 
close standard real, which is unique, if it exists. The Loeb construction 
is a standard part operation which rounds off a nonstandard probability 
space and any random processes on it to standard ones. The nonstandard 
hull construction is an analogous standard part construction for Banach 
spaces. In either case, the saturation of the nonstandard space ensures that 
the resulting standard probability space or Banach space is very rich. In 
the Loeb space case, this implies, in particular, that any distribution which 
can be approximately realized by a random process on the Loeb space can 
in fact be realized there. A Loeb space is a kind of universal probability 
space. Nonstandard hulls have similar universality properties. 

The Transfer Principle implies that a standard part operation always 
corresponds to some kind of limit, understood in a broad sense. The or­
dinary standard part on the reals corresponds to taking a limit point of 
bounded sequence of reals. Applying the Loeb construction to a nonstan­
dard probability space with a stochastic process corresponds to construct­
ing a standard probability space with a process whose distribution law is 
a weak limit point of a certain tight family of distributions. The claim is 
that the connection between a limit object and its approximation is more 


