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It has recently become evident that two apparently different formula­
tions of the foundations of mathematics are merely opposite sides of the 
same coin. The first of these is the theory of types, going back to Russell 
and Whitehead in their monumental attempt to rescue Frege from para­
dox, while the second is the theory of categories, invented by Eilenberg and 
Mac Lane and conceived as the appropriate language for the foundations 
of mathematics by Lawvere. 

The theory of types, or higher order logic, is called local set theory by 
Bell. As he puts it "types may be thought of as natural kinds or species 
from which sets are extracted as subspecies. The resulting theory of sets is 
local in the sense that, for example, the inclusion relation will only obtain 
among sets which have the same type " 

Unfortunately, the original type theory in Principia Mathematica had 
proved too cumbersome for most people and, in spite of more elegant 
formulations by Church and Henkin, was replaced by the set theories 
of Gödel-Bernays, favoured by mathematicians, and Zermelo-Fraenkel, 
favoured by logicians. However, in these languages one can ask such mean­
ingless questions as whether the Klein four-group is included in n. 

The following simple presentation of type theory had been proposed by 
Phil Scott and the reviewer [LS 1983]. There are given three basic types: 

1 = a specified one-entity type introduced for convenience, 
Q, = the type of truth-values or propositions, 
N = the type of natural numbers. 

From these other types are built up by two operations: 
A x B = the type of pairs of entities of types A and B, 
PA = the type of all sets of entities of type A. 

In pure type theory there will be no other types than those in the hierarchy 
constructed from the three basic types by the two operations; but in applied 
type theories there may very well be other types, as we shall see later. 

A type theory, pure or applied, is a formal language consisting of terms 
of different types. Among the terms there are countably many variables of 
each type; we write x e A to say that x is a variable of type A. From the 
variables other terms are defined inductively as follows: 

1 Q N AxB PA 
* a = af 0 (a, b) {xeA\<p(x)} 

a e a Sn 

where it is assumed that a and a' are terms of type A already constructed, 
a of type PA, n of type N, b of type B and q>(x) of type Q. The usual 
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logical connectives and quantifiers may now be defined, for instance: 
T = * = *, 

pA0ss<p,0) = <r,r) , 
p=>q=pAq=p, 

VxeA(p{x) =={xe A\cp{x)} = {xe A\T}. 

Bell does essentially the same thing; except that, in place of 1 and A x B, 
he has A\ x • • • x An, with n > 0. This allows him to incorporate function 
symbols f:A\X---xAn->B.To this reviewer, these function symbols 
appear to be analogous to Gentzen's sequents or Bourbaki's multilinear 
mappings; they may in fact be viewed as operations in a multisorted alge­
braic theory. 

After the grammar of type theory has been presented, it remains to 
state the axioms and rules of inference. This is usually done in terms of a 
deduction symbol K Of course, one should be able to infer the usual rules 
of universal specification and existential generalization, in particular, 

(1) Vx€A(p(x) H PW, <p(x)\-3xeA<p(x). 

From these one would expect to infer, by transitivity of deduction, that 

(2) VxeAcp(x) h 3xeA<p(x). 

In an applied type theory, a difficulty would now arise when A is an 
"empty" type, for example the type of unicorns. Modern mathematicians 
would accept the statement 

(a) all unicorns have horns, 
but not 

(b) some unicorns have horns. 
Aristotle would have got around the difficulty by denying (a); but we cannot 
do so, as long as we paraphrase VxeA(p(x) as Vx(x e A => (p{x)). 

In [LS 1980] we used the device of putting a subscript X, denoting a 
finite set of variables, on the deduction symbol. We wrote 

Pi,...,Pn b r A i + i 

only when all the variables occurring freely in the pt are elements of X. 
The symbol \~x is subject to two structural rules, in addition to the usual 
ones of Gentzen: 

/3v Pi,.--,P*brl?;i+i <P\(*)>.-.,9n(x) \~xu{x} <Pn+i{x) 
Pi,...,pn bru{.*} Pn+\' 9i(a)9...,(Pn{a) \-x (pn{a) ' 

where it is assumed that a is of the same type as x and contains free 
occurrences of only such variables as are elements of X. 

If variables are thus declared, (1) should be replaced by 

(1;) VxeA(p(x) he <p(x)9 <p(x) hx 3xeAcp(x). 

From this it then follows by transitivity of \-x, a special case of Gentzen's 
cut, that 

(20 \fxeA(p(x) \-x 3xeA(p{x). 


