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In the past ten years, there have been a good number of developments 
in information-based complexity theory; in addition, the field and related 
issues have gained more attention in the mathematical community. This 
book fills a need for information on recent developments, and it compre­
hensively describes older and better-known results. 
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Beside its many applications in computational sciences and numerical 
analysis, information-based complexity theory has a strong functional ana­
lytic leaning which might profitably be exemplified at this point. Given two 
infinite dimensional normed linear spaces F and G and a map S: F -> G, 
consider the problem of how such a map might be best expressed in terms 
of finite dimensional objects (the relevance of this question to real-world 
computations may be clear, but we will discuss this further later). 

For concreteness, let us given an example. Let F = Hr(Q) be the 
Sobolev space of functions on the bounded, simply connected domain 
Q c Rn with r derivatives which are square integrable. Let A be a uni­
formly elliptic differential operator of order 2m on Q, (we will assume here 
that r > -ra). Given a function f e F and the problem Au = ƒ, the so­
lution is given by u = Sf, where S = A~l. One might imagine that Sf 
could be computed by finding the integral kernel of S and integrating it 
against ƒ. If this map were implemented computationally, it is clear the 
computer would have to be working with finite dimensional objects. The 
procedure followed in the computation would first involve a truncation 
of ƒ to something finite dimensional which can be represented in a com­
puter. For example, ƒ may be represented through its values at a finite 
set of points or through a finite number of coefficients in an eigenfunction 
expansion. Let us denote by TV: F —> Rn the operator which "truncates" ƒ. 
The truncated object Nf must then be operated on in order to calculate 
(or approximate) the effect of the resolvent operator S on ƒ. Let us denote 
this second operation by <f>: Rn -• G = H™(Q). Here H™(Q) denotes those 
functions in Hm(Q) whose first m — 1 normal derivatives vanish on the 
boundary d£l. The essential problem here is (for fixed dimension n) to 
find optimal N and <j> so that the "computed" function </>(N(f)) is a good 
approximation to the solution S ƒ, or equivalently, so that the diagram in 
Figure 1 commutes to the greatest extent possible. 

s 
F > G 

Rn 

FIGURE 1 

It is interesting to note that in this case the so-called finite element 
method used in numerical analysis has been analyzed by Werschulz [W] 
in the context of this formulation. With properly chosen parameters the 
method yields an almost optimal pair (JV*,0*), denoted as "information" 
and "algorithm," respectively, for solving this problem. That is, the max­
imal error (for ƒ in the unit ball of Hr(Q)) of approximating S f by 
N* (</>*(/)) is no more than a constant multiple of that for the best possible 
choice of (N9</>) (using a linear information operator TV). In this case, the 


