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In 1988 Richard Kane published his book, The homology of Hopf spaces. 
I remember at the 1986 Areata Topology Conference (before the Interna­
tional Congress of Mathematicians) when Alex Zabrodsky, John Harper, 
Clarence Wilkerson and I received mimeographed preprints of Richard's 
book, we were all pleasantly surprised that someone had taken the time 
to amass many of the details of this growing field into a coherent book. 
More recently, Frank Williams commented that Kane's book will probably 
be the only book on finite //-spaces published in the 1980s. For myself 
and others who have Ph.D. students working in the area, Kane's book is 
an excellent first reference for many of the ideas currently used by the 
experts. 

An //-space (or Hopf space) is simply a pointed space X, * together 
with a binary pairing X x X —> X such that the two inclusions 

X x * - > X x X ^ X 
* x X - + X x X - > X 

are homotopic to the identity. 
Mathematicians are interested in these spaces because all topological 

groups are //-spaces, and further, if one takes an arbitrary topological 
space, its loop space is an //-space. The interplay between space and loop 
space has been an important area of study. For example, the homotopy 
and homology of space and loop space are intimately related by suspension 
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maps. Further, all topological groups have the homotopy type of loop 
spaces, and those spaces that are infinite loop spaces can be used to define 
cohomology theories. It would take several volumes (of which there are 
several references) to expound on these topics; however, it is not the main 
focus of Kane's book. 

Kane's book focuses primarily on the study of finite //-spaces. A finite 
//-space is an //-space that has the homotopy type of a finite complex. 
Recall a theorem of Malcev-Iwasawa that says a Lie group splits into a 
compact part producted with Rn so it has the homotopy type of a finite 
complex. Kane states in his Introduction: 

Finite //-space theory is an outgrowth of the homotopy 
theory of Lie groups. With the advent of algebraic topol­
ogy in the 1930s and 1940s, mathematicians quite natu­
rally began to study the homology and cohomology of Lie 
groups. It became apparent that some of the results ob­
tained did not really depend on the entire Lie group struc­
ture but rather only on the much more limited structure 
captured in the finite H -space concept. 

The Hopf structure theorem for the rational cohomol­
ogy of Lie groups was the first example of such a fact. 
Given a Lie group G, the //-space structure on G induces, 
what is now called, a Hopf algebra structure on H*(X; Q). 
The fact that H*(X; Q) is a finite Hopf algebra then forces 
H* (X, Q) to be an exterior algebra E{x\ ,...,xr) where \x\ | 
= 2/1/-1. 

The explicit concept of an //-space is due to Serre. Be­
cause of his interest in the path space fibration QX —• 
PX —• X, he was led to consider loop spaces. The usual 
multiplication of loops is not associative. So he was led 
to introduce the idea of an //-space to describe the mul­
tiplication on Q.X. As we will see, finite loop spaces have 
been an object of intensive study. They are closely related 
to compact Lie groups. 

Throughout the 1950s and early 1960s mathematicians 
continued to analyse the homology of the Lie groups. The 
homology was calculated for the semi-simple compact Lie 
groups. In addition, a number of interesting general prop­
erties were obtained. Notably, we have Borel's mod p 
version of the Hopf decomposition as well as his study 
of the cohomology of classifying spaces. Bott's proof that 
//*(£2G) is torsion free in the 1-connected case and Hodg-
kin's proof that K*(G) is torsion free in the same case. 
We also cannot fail to mention Schereer's theorem that 1-
connected compact Lie groups all have distinct homotopy 
types as well as the fact that, throughout this period, the 
only known examples of connected finite //-spaces were 
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products of Lie groups, S7 (=the units in the Cay ley num­
bers) and RP7. 

After this period the focus in homotopy theory shifted 
away from Lie groups in themselves to the more general 
category of finite //-spaces. So it is at this point that our 
book begins its tale. We should note, however, the Lie 
groups have continued to provide a major stimulant to the 
development of finite //-space theory. As we will see, it has 
been mainly concerned with understanding the above Lie 
properties in the more general context of finite //-space 
theory. So Lie groups might be described as the experi­
mental data of //-space theory. 

The main questions asked are how do the cohomology and homology 
of such H spaces differ from that of Lie groups? Present knowledge leads 
us to the following conjectures. 

CONJECTURE 1. The mod 2 cohomology of a simply connected finite H-
space is isomorphic as a Hopf algebra over the Steenrod algebra to the 
mod 2 cohomology of a Lie group producted with seven spheres. 

CONJECTURE 2. The rational cohomology o f a simply connected finite 
loop space is isomorphic as a Hopf algebra to the rational cohomology of a 
Lie group. 

Kane's book is by no means a comprehensive account of developments 
in the field of finite //-spaces. Instead he chooses to focus on just a few of 
the major developments in the field. The main body of his book is divided 
into three subheadings. 

A. The study of finite //-spaces with torsion free homology. The main 
breakthrough in the last 15 years has been the classification of the mod p 
cohomology rings of finite loop spaces that have no p torsion in their 
integral cohomology. This is the main focus of Kane's exposition. Most 
of this work is due to Adams and Wilkerson, Clark and Ewing and a 
number of others. 

If X = ÇIB is a finite loop space that has no p torsion, work of Borel 
and Browder shows that the following statements are equivalent: 

deg xt < deg xi+ \, deg xt odd 

and 
(b)H*(B;Zp) = ZPlyl9...,yr] 

degyt = degx, + 1. 

This leads us to the study of 

Steenrod's problem. Classify all polynomial algebras Tp[yu...,yr] that 
can occur as the mod p cohomology of a space. 

Implicit in Steenrod's Problem are two smaller problems 
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(1) The realization of spaces B with 

H*(B;Zp) = Zp[yl9...,yr] 

(2) The necessary conditions for 2p[y\,. ..,>v] to be compatible with the 
action of the Steenrod Algebra. 

In a nutshell, Clark and Ewing construct spaces whose mod p coho­
mology is polynomial. Adams and Wilkerson show via (2) that the spaces 
constructed by Clark and Ewing are all of them if the prime p does not 
divide the degrees of the y\. This tour de force is no simple matter and an 
outline of the proofs is givin in the book. 

What should appeal to the topologist who is not an expert in finite 
//-spaces is that here is a general problem in topology: Given an algebra, 
when it is realizable as the cohomology of a space? In the case of Steenrod's 
Problem, it can be rephrased in //-space terms: Given a topological space, 
when does its loop space have mod p cohomology an exterior algebra? 
The interplay between spaces and their loop spaces is an ongoing theme 
in Kane's book. The solution of Steenrod's Problem described here must 
be considered one of the great breakthroughs of the last twenty years. 

It should be noted that this work is closely related to Conjecture 2 on 
the rational cohomology of a finite loop space. If X = Q,B is a simply 
connected finite loop space then if X has no p torsion, we have 

H*(B;2p) = lp[yu...,yr) 

and //*(/?; Q) = Q[zi,...,zr] where degy, = degz/ = «,-, n\ < «2 < • • • < 
nr. 

The sequence of numbers [n\,...,nr] is the "type" of X and this se­
quence completely determines the rational cohomology of X. Work of 
Aguade and Lin [1, 6] shows 

THEOREM. Every simply connected finite loop space X has type 
(1) (Aguade) a union of Lie types and [4,24]s and [12,16]s. 
(2) (Lin) a union of Lie types and [4,16]s, [4,24]s and [4,48]s. 
In particular ifn$(X) = 1 then X has Lie type. 

These results, however, fall short of answering Conjecture 2. Adams 
and Wilkerson note that the type 

[4,4,4,8,8,8,12,12,16,16,20,24,24,28] 

admits the structure of a finite loop space at all primes greater than three. 

B. Necessary conditions for a finite //-space to have homology torsion. 
Here is a reasonable question: 

Classify the mod p cohomology rings of all finite //-spaces that have p 
torsion in their integral homology. 

The main thrust of Kane's exposition is to describe progress made on 
this question. 

There is a big difference between finite //-spaces with p torsion and 
finite //-spaces that are p torsion free. Essentially, p torsion free finite //-
spaces have cohomology an exterior algebra on generators of odd degree 
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whereas finite //-spaces with p torsion can have even degree generators or 
generators truncated at heights greater than two. 

When a finite //-space X has homology p torsion the approach described 
in A doesn't work even if X is a loop space. In fact, H*(B\ZP) becomes 
very complicated and is not even known for the Lie group E% at the prime 
2. A different approach is needed. Another fact to notice is that an odd 
sphere localized at an odd prime is an //-space, so one cannot hope to 
control the degrees of odd generators in the mod p cohomology of a finite 
//-space when p is odd. All one can hope for at odd primes is some 
necessary conditions for the existence of even degree generators in the 
mod p cohomology of a finite //-space. 

So the problem divides into two smaller problems 
(1) The necessary conditions for the existence of an even degree coho­

mology generator in H*(X\ Zp) for p an odd prime. 
(2) The necessary conditions for the existence of any generator in 

H*(X;Z2). 
In the last twenty years, techniques due to Browder, Hubbuck, Kane, 

Lin, Thomas, Williams and Zabrodsky and others have yielded surprisingly 
sharp restrictions on the degrees of generators in (1) and (2). Most of the 
papers (but not all) use the following key facts: 

(a) (Kane) Given t e PH2l(X\Zp) for p odd, P = 0. 
(b) (Browder) Given s e PHt(X\Z2), s2 = 0. 
Properties (a) and (b) can be exploited by the use of secondary coho­

mology operations to yield the following answers to Problems 1 and 2: 

THEOREM 1. (1) (Lin) QHeyen(X;Zp) = Y.P\^lQH2M(X\Zp) for p 
odd. 

(2) {Kane, Lin) QH™n(X;l2) = 0. 
(3) (Kane, Lin) H*(QX;Z) is torsion free. 

The proof is quite lengthy; Kane patiently outlines most of it. In addi­
tion, he introduces the use of Morava k-theory to study finite //-spaces. 
Part (3) of Theorem 1 is a triumph of homological techniques; the cor­
responding theorem for Lie groups was originally proved by Bott using 
Morse theory. 

This part of the book must be read in conjunction with the actual re­
search papers. Several readers have remarked that it is difficult to see the 
motives behind the arguments. On the other hand, I'm impressed that 
Kane had the patience to actually wade through so much of the actual 
research. 

Since the publication of the book, much has been done to also describe 
the odd cohomology generators of X when H*(X; Z2) is an associative ring. 
We have the following theorem which generalizes an old theorem due to 
Thomas. 

THEOREM2 (Lin) [7]. (1) QH2'+2r+lk-l(X\Z2) = Sq2rkQH2r+2rk~l(X;Z2) 
fork>0,r> 0. 

(2) The first nonvanishing homotopy group of a finite H-space occurs in 
degrees 1, 3, 7 or 15. 


