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The reader has heard the cliché that algebraic varieties are the locuses 
of solutions of polynomial equations; true as far it goes, but even in simple 
cases, one can know a lot about the equations and almost nothing about 
the solution set. Conversely, and more to the present point, even for a 
variety having an extremely natural and simple description, writing out 
the defining equations might be enormously expensive and unrewarding. 

First of all, I want to give the flavour of toric geometry with two simple 
examples illustrating the main point, before discussing the background 
and the content of Professor Oda's very substantial book. Consider the 
quotient Cn/G of Cn by a diagonalised group action 

(xu...,xn)>-> {ei(g)xu...,en{g)xn), 

where G is a finite Abelian group and et : G —• C* characters of G. This 
quotient can be seen as an explicit affine variety: make a list of G- invariant 
monomials, that is, 

{;cm = n * r \mi > 0 and Y[ei(g)m< = l v # e G} > 

then write out all the multiplicative relations between the generators, and 
finally, take these as the defining equations of a variety. Try it with 

w = 2, G = Z/22 and (x,y) *-> (C*,C9J>) 
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where Ç = exp(27r//22). As a second example, if 0 < a < n - 1, the 2 x 2 
minors expressing the determinantal condition 

rk XQ X\ -" Xa-\ Xa+{ ••• Xn-\ 

X\ X"i ' • ' XQ XQ+2 ' ' ' Xn 
< 1 

are homogeneous monomial equations, and define the rational normal sur­
face scrolls Fb c P" (with b = \n - 2a\). These surfaces have appeared 
throughout projective and algebraic geometry since their introduction by 
C. Segre [0] and del Pezzo in the 19th century. (It's a common postwar 
provincialism to refer to them as Hirzebruch surfaces.) 

The varieties in either example have lots of nice simple structural prop­
erties which are only obscured by writing out tables of generators and 
defining equations; thus a coordinate hyperplane (xi = 0) c C" drops to a 
codimension 1 locus Dt c Cn/G in the quotient, but to see the ideal of Dt 
one has the job of listing all G-invariant monomial multiples of Xj. 

Toric varieties or torus embeddings is a class of algebraic varieties ob­
tained by abstracting out the key monomial structure possessed by these 
examples; these varieties occur just about everywhere in math, and they 
are to general algebraic varieties much as Abelian groups are to general 
groups. The main point of toric geometry is that any reasonable ques­
tion concerning toric varieties can be phrased in terms of arrangements 
of convex bodies in lattices; this leads to a dictionary between the alge­
braic geometry of toric varieties and the convex geometry of cones a c If1 

(I intend to be sloppy: the a are polyhedral cones in R", with vertexes in 
Zn). 

For example, the scroll Fb is a union of 4 affine pieces, each isomorphic 
to C2, glued together by birational maps of the form (x,y) i-> (xayb,xcyd). 
The figure gives a diagram in Z2 from which the trained eye can read off 
at once all the geometric properties of the scroll Fb. The 4 affine pieces of 
Fb are given by the layout of 4 cones forming a fan; the 6 matrixes taking 
a basis of Z2 associated with one cone to another define the glueing maps. 
The fact that the 4 cones cover all of R2 means that F^ is compact. The 
vertical projection of Z2 (compatible with the fan in an obvious sense) 
gives the P^fibration of ¥b. One section of Fb has negative selfintersec-
tion (normal bundle) because the union of the top two cones is convex; 
amalgamating them into a single cone contracts the section to a point, etc. 

I now discuss sample areas of math where toric geometry plays an im­
portant role, without trying to sort out the historical issue of which were 
the original motivation, and which have subsequently seen to be closely 
related. 

By the resolution of singularities, many problems in algebraic geometry 
reduce to a normal crossing divisor in a complex manifold. Locally, this 
is a union of coordinate hyperplanes, say D: (x\ •... • x/c = 0) c U = Cn. 
A finite covering V —• U branched along U is locally given by taking 
various roots of monomials, say ri/[x^x • ... • x^k. I can take V to be 
normal, and then it's of the form Cn/G as in my first example. How best 
to resolve the singularities of F is a question that goes back to F. Klein, 
and more especially to R. J. Walker's original proof of the resolution of 


