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THE STABILITY OF MATTER: 
FROM ATOMS TO STARS 

ELLIOTT H. LIEB 

Why is ordinary matter (e.g., atoms, molecules, people, planets, 
stars) as stable as it is? Why is it the case, if an atom is thought to 
be a miniature solar system, that bringing very large numbers of 

30 

atoms together (say 10 ) does not produce a violent explosion? 
Sometimes explosions do occur, as when stars collapse to form 
supernovae, but normally matter is well behaved. In short, what is 
the peculiar mechanics of the elementary particles (electrons and 
nuclei) that constitute ordinary matter so that the material world 
can have both rich variety and stability? 

The law of motion that governs these particles is the quantum 
(or wave) mechanics discovered by Schrödinger [SE] in 1926 (with 
precursors by Bohr, Heisenberg, Sommerfeld and others). Every­
thing we can sense in the material world is governed by this theory 
and some of its consequences are quite dramatic, e.g., lasers, tran­
sistors, computer chips, DNA. (DNA may not appear to be very 
quantum mechanical, but notice that it consists of a very long, 
thin, complex structure whose overall length scale is huge com­
pared to the only available characteristic length, namely the size 
of an atom, and yet it is stable.) But we also see the effects of 
quantum mechanics, without realizing it, in such mundane facts 
about stability as that a stone is solid and has a volume which 
is proportional to its mass, and that bringing two stones together 
produces nothing more exciting than a bigger stone. 

The mathematical proof that quantum mechanics gives rise to 
the observed stability is not easy because of the strong electric 
forces among the elementary constituents (electrons and nuclei) of 
matter. The big breakthrough came in the mid sixties when Dyson 
and Lenard [DL] showed, by a complicated proof, that stability 
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is, indeed, a consequence of quantum mechanics. (Part of their 
motivation came from earlier work by Van Hove, Lee and Yang, 
van Kampen, Wils, Mazur, van der Linden, Griffiths, Dobrushin, 
and especially Fisher and Ruelle who formulated the problem and 
showed how to handle certain well chosen, but unrealistic forces.) 
This was a milestone but there was room left for improvement 
since their results had certain drawbacks and did not cover all 
possible cases; for instance, it turns out that quantum mechanics, 
which was originally conceived to understand atoms, is also crucial 
for understanding why stars do not collapse. Another problem 
was that they proved what is called here stability of the second 
kind while the existence of the thermodynamic limit (Theorem 3 
below), which is also essential for stability, required further work 
[LL]. The full story has now, two decades later, mostly been sorted 
out, and that is the subject of this lecture. The answer contains 
a few surprises, some of which are not even discussed in today's 
physics textbooks. 

No physics background will be assumed of the reader, so Part I 
reviews some basic facts. Part II contains a synopsis of the aspects 
of quantum mechanics needed here. Part III treats the simplest 
system—the hydrogen atom, and Part IV introduces the strange 
Pauli exclusion principle for many electrons and extends the dis­
cussion to large atoms. Part V deals with the basic issue of the 
stability of matter (without relativistic effects) while Part VI treats 
hypothetical, but interesting, matter composed of bosons. Part VII 
treats the problems introduced by the special theory of relativity. 
Finally, Part VIII applies the results of Part VII to the structure 
of stars. 

PART I. THE PHYSICAL FACTS AND THEIR 
PREQUANTUM INTERPRETATION 

While it is certainly possible to present the whole story in a 
purely mathematical setting, it is helpful to begin with a brief dis­
cussion of the physical situation. 

The first elementary constituent of matter to be discovered was 
the electron (J.J. Thomson, 1897). This particle has a negative elec­
tric charge (denoted by -e ) and a mass, m . It is easy to produce 
a beam of electrons (e.g., in a television tube) and use it to mea­
sure the ratio e/m quite accurately. The measurement of e alone 
is much trickier (Millikan 1913). The electron can be considered 
to be a point, i.e., it has no presently discernible geometric struc­
ture. Since matter is normally electrically neutral (otherwise we 
would feel electric fields everywhere), there must also be another 
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constituent with positive charge. One of the early ideas about this 
positive object was that it is a positively charged ball of a radius 
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about equal to the radius of an atom, which is approximately 10 
cm. (This atomic radius is known, e.g., by dividing the volume of 
a solid, which is the most highly compressed form of matter, by 
the number of atoms in the solid.) The electrons were thought to 
be stuck in this charged ball like raisins in a cake; such a struc­
ture would have the virtue of being quite stable, almost by fiat. 
This nice picture was destroyed, however, by Rutherford's classic 
1903 experiment which showed that the positive entities were also 
essentially points. (He did this by scattering positively charged 
helium nuclei through thin metal foils and by showing that the 
distribution of scattering angles was the same as for the Kepler 
problem in which the trajectories are hyperbolas; in other words, 
the scatterers were effectively points—not extended objects.) 

The picture that finally emerged was the following. Ordinary 
matter is composed of two kinds of particles: the point electrons 
and positively charged nuclei. There are many kinds of nuclei, each 
of which is composed of positively charged protons and chargeless 
neutrons. While each nucleus has a positive radius, this radius 
(about 10 _ 1 cm) is so small compared to any length we shall 
be considering that it can be taken to be zero for our purposes. 
The simplest nucleus is the single proton (the nucleus of hydro­
gen) and it has charge +e . The number of protons in a nucleus 
is denoted by z and the values z = 1, 2, . . . , 92, except for 
z = 43, 61, 85, are found in nature. Some of these nuclei, e.g., 
all 84 < z < 92, are unstable (i.e., they eventually break apart 
spontaneously) and we see this instability as naturally occurring 
radioactivity, e.g., radium. Nuclei with the missing z values 43, 
61, 85, as well as those with 92 < z < 109 have all been produced 
artificially, but they decay more or less quickly [AM]. Thus, the 
charge of a naturally occurring nucleus can be +e up to +92e 
(except for 43, 61, 85), but, as mathematicians often do, it is in­
teresting to ask questions about "the asymptotics as z —• oo " of 
some problems. Moreover, in almost all cases we shall consider 
here, the physical constraint that z is an integer need not and will 
not be imposed. The other constituent—the neutrons—will be of 
no importance to us until we come to stars. They merely add to 
the mass of the nucleus, for they are electrically neutral. For each 
given z several possible neutron numbers actually occur in nature; 
these different nuclei with a common z are called isotopes of each 
other. For example, when z = 1 we have the hydrogen nucleus 
(1 proton) and the deuterium nucleus (1 proton and 1 neutron) 
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which occur naturally, and the tritium nucleus (1 proton and 2 
neutrons) which is artificial and decays spontaneously in about 12 
years into a helium nucleus and an electron, but which is important 
for hydrogen bombs. Isolated neutrons are also not seen naturally, 
for they decay in about 13 minutes into a proton and an electron. 

Finally, the nuclear mass, M, has to be mentioned. It satisfies 
zM < M < 3zM where Mp = 1837m is the mass of a proton. 
Since the nuclear mass is huge compared to the electron mass, 
m, it can be considered to be infinite for most purposes, i.e., the 
nuclei can be regarded as fixed points in R3, although the location 
of these points will eventually be determined by the requirement 
that the total energy of the electron-nucleus system is minimized. 
A similar approximation is usually made when one considers the 
solar system; to calculate the motion of the planets the sun can be 
regarded as fixed. 

The forces between these constituents of matter (electrons and 
nuclei) is given by Coulomb's inverse square law of electrostatics: 
If two particles have charges q{ and q2 and locations xx and x2 

in R3 then F{—the force on the first due to the second—is minus 
F2—the force on the second due to the first—and is given by 

(Later on, when stars are discussed, the gravitational force will 
have to be introduced.) If q{q2 < 0 then the force is attractive; 
otherwise it is repulsive. This force can also be written as minus 
the gradient (denoted by V ) of a potential energy function 

(1.2) W(x{, x2) = qxq2 _x | , 

that is 

(1.3) FX=-VXW and F2 = -V2W. 

If there are TV electrons located at 2L — (x{, . . . , xN) with 
xi G R , and k nuclei with positive charges Z_ = (z{, ... , zk) 
and located at R = (R{, . . . , Rk) with R. e R3, the total-potential 
energy function is then 

( 1.4) W(X) = -A(X) + B(X) + U 
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with 

(1.5) 

(1.6) 

(1.7) 

(1.8) 

A(X) = e2J2V(*l) 
k 

V(x) = Y^zj\x-Rj\-
1 

7 = 1 

B(X) = e2 £ \Xi-xfx 

\<i<J<N 

U = e2 Yl ^j\Ri-Rj\ 
l<i<j<k 

The A term is the electron-nucleus attractive potential energy, 
with eV(x) being the electric potential of the nuclei. B is the 
electron-electron repulsive energy and U is the repulsive energy 
of the nuclei. A, B, U and V depend on R and Z_, which are 
fixed and therefore do not appear explicitly in the notation. It is 
then the case that the force on the i th particle is 

(1.9) F^-VtW. 

In the case of an atom, k — 1 by definition. The case k > 1 will 
be called the molecular case, but it includes not only the molecules 
of the chemist but also solids, which are really only huge molecules. 

So far this is just classical electrostatics and we turn next to 
classical dynamics. Newton's law of motion is (with a dot denoting 
j - t , where t is the time) 

(1.10) mxi = Fr 

This law of motion, which is a system of second order differential 
equations, is equivalent to the following system of first order equa­
tions. Introduce the Hamiltonian function which is the function on 
the phase space R6N = ( R 3 x R 3 f given by 

(1.11) //(Z,X) = ̂ f > ? + ^Q0. 

The notation P_ = (p{, . . . , pN) with p. in R3 is used, and the 
quantity 

1=1 
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is called the kinetic energy. The equations of motion (1.10) are 
equivalent to the following first order system in R 

dH 

(1.13) " < „ 
Pi = dx/ 

The velocity of the / th electron is v. and p. is called its momen­
tum: p. = mvi by the first equation in (1.13). 

From (1.13) it will be seen that H{P_, X) is constant throughout 
the motion, i.e., dH(P{t)9 X_(t))/dt = 0. This fixed number is 
called the energy and is denoted by E ; it depends, of course, on 
the trajectory, and it is important to note that it can take all values 
in (—00, oo ) . 

Another interesting fact about the flow defined by (1.13), but 
one which will not be important for us, is that it preserves Lebesgue 
measure dxx • • • dxNdpx • • • dpN on R N ; this is Liouville's theo­
rem and it follows from the fact that the vector field that defines the 
flow, (dH/dp{, . . . , dH/dpy, -dH/dx{, . . . , -dH/dxN), is di­
vergence free. This theorem is one important reason for introduc­
ing the Hamiltonian formalism, for it permits a geometric inter­
pretation of classical mechanics and is crucial for ergodic theory 
and statistical mechanics. The analogue in quantum mechanics 
turns out to be that quantum mechanical time evolution is given 
by a one parameter unitary group in Hubert space (see (2.18))— 
but time evolution will not concern us here. 

Consider the simplest possible case, neutral hydrogen, with z = 
1 (a proton) and one electron ( JV = 1 and k = 1 ). With 
the proton fixed at the origin (i.e., R{ = 0) the Hamiltonian is 
p /2m - Ze \x\~l and classical bound orbits (i.e., orbits which 
do not escape to infinity) of the electron are well known to be the 
ellipses of Kepler with the origin as a focus. These can pass as 
close as we please to the proton. Indeed, in the degenerate case 
the orbit is a radial line segment and in such an orbit the electron 
passes through the nucleus. One measure of average closeness of 
the electron to the nucleus in an orbit is the energy E, which is 
always negative for a bound orbit. Moreover E can be arbitrarily 
negative because the electron can be arbitrarily close to the nucleus 
and also have arbitrarily small kinetic energy T. A consequence 
of this fact is that the hydrogen atom would be physically unstable; 
in a gas of many atoms another particle or atom could collide with 
our atom and absorb energy from it. After many such collisions 
our electron could find itself in a tiny orbit around the nucleus 


