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INTRODUCTION 

Recently M. Crandall and P. L. Lions [3] developed a very suc­
cessful method for proving the existence of solutions of nonlinear 
second-order partial differential equations. Their method, called 
the theory of viscosity solutions, also applies to fully nonlinear 
equations (in which even the second order derivatives can enter in 
nonlinear fashion). Solutions produced by the viscosity method 
are guaranteed to be continuous, but not necessarily smooth. Here 
we announce smoothness results for viscosity solutions. Our meth­
ods extend those of [1]. We obtain Krylov-Safonov (i.e. Ca esti­
mates [8]), C 1 ' " , Schauder (C2,a) and W2iP estimates for vis­
cosity solutions of uniformly parabolic equations in general form. 
The results can be viewed as a priori estimates on the classical C 
solutions. Our method produces, in particular, regularity results 
for a broad new array of nonlinear heat equations, including the 
Bellman equation [6]: 

u - sup[a^.(x, t)u.. + bUx, t)u. + ca(x, t)u - ga(x, t)] = 0. 

On the other hand, in the special case of linear equations, to which 
our method of course also applies, our proofs are much easier than 
the classical estimates for classical solutions, and also produce new 
results in this long-and well-studied field. For elliptic equations, 
similar results were obtained by Caffarelli [1], in the case that the 
equations do not involve the term Du. 

We consider the following equation for a real-valued function 
u: 

(1) ut - F(D u, Du, u, x, t) = 0, 

where ut = du/dt, D2u = (d2u/dxixJ), Du = (du/dx^. Clas­
sically, there are two ways of attacking the problem of regularity 
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of solutions. One either writes down the solution explicitly, as in 
the theory of singular integrals, or differentiates the equation to 
get equations for the derivatives, as in [2], [4]. However, these 
methods do not apply to the very general equations we consider. 
The basic tools in our approach are the Aleksandrov-Bakel'man-
Pucci-Krylov-Tso maximum principle [7, 12] and the method of 
compactness. Our method is fundamentally nonlinear, that is, it 
does not rely on a linearization of the equations. Loosely speaking, 
using the maximum principle, we can obtain tangent paraboloids 
for solutions (see Theorem 2 below), which then lead directly to 
second order derivative estimates. Theorem 2 is our main techni­
cal result; Theorems 3, 4 and 5 contain the main applications. 

All the terminology used in this paper is in the sense of parabolic 
equations. See, for example, O. A. Ladyzhenskaya, V. A. Solon-
nikov, and N. N. Ural'tseva [9]. Thus if the space variable x 
has homogeneity 1, then the time variable t has homogeneity 2; 
Ca means Ca in x and C a / 2 in t ; paraboloid means that it is 
quadratic in x and linear in t. 

Definition. For a domain Q in Rn+l and p > n + 1, let Y = 
W2'P{Q), the Sobolev space of functions with the second order 
derivatives in if . By a standard estimate any function in Y is 
continuous. We say u is a viscosity solution of (1) provided that 
the following two conditions are satisfied: 

(a) if u - (p attains a local maximum 0 at (x0, *0), then 

(2) ess-inf-lim^ - F(D (p, D(p, cp, x, t)] < 0 
for all (p in Y. 

(b) if u - (p attains a local minimum 0 at (xQ, t0) in Q, then 
2 

(3) ess-sup-lim[>, - F(D (p, Dtp, cp, x, t)] > 0 
for all (p in Y. 

(2)(resp.(3)) is equivalent to requiring that (x0, t0) cannot be 
a density point of 

{<pt - F(D cp, Dip, (p, x, t) > <5(resp. < -ô)} for ô > 0. 

In a similar way, u in C(Q) is said to be a viscosity subsolution 
(resp. supersolution) if (a)(resp.(b)) holds. We will write 

2 

ut - F(D u, Du, u, x, t) < 0 (resp. > 0). 
We say F(M, P, v, x, t) is uniformly elliptic (i.e. (1) is uni­

formly parabolic) if there are two positive real numbers À, A such 
that 

(4) X\N\ < F(M + N, P,v,x,t)~ F(M, P , v , x , 0 < A\N\ 


