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Number theory has its foundation in the Fundamental Theorem 
of Arithmetic which states that every integer n > 1 can be written 
uniquely in the form 

(1) n=p°l--p?9 Pl<P2<-'<Pr> 

where the pt 's are primes and the aJ. 's positive integers. From 
an algebraic point of view, this result describes completely the set 
of positive integers as a free semigroup generated by the primes. 
However, for many problems in analytic number theory one would 
like to have more information about the structure of the prime 
factorization ( 1 ) and, in particular, the number and the size of the 
prime factors involved. 

The prime factorization of an integer can of course take quite 
different shapes. On the one hand, if n itself is a prime, then 
its prime factorization consists of a single prime raised to the first 
power. On the other hand, if n is of the form k\, say, then it 
has a prime factorization with many small primes and relatively 
large exponents a.. However, these are extreme cases that apply 
only to a relatively sparse set of integers n , and one might ask if 
it is possible to describe more precisely the prime factorization of 
a "typical," or "random," integer. This turns out to be the case; in 
fact, the study of such questions has led to the development of a 
new branch of number theory, called probabilistic number theory. 

The first result in this direction, obtained in 1917 by Hardy and 
Ramanujan [HR], showed that a "random" integer n has about 
log log n prime factors in the following sense: Let coin) denote 
the number of distinct prime factors of n, so that co(n) = r in 
the representation (1). Let y/(n) be a function of n tending to 
infinity arbitrarily slowly, as n —• oo. Then the inequality 

(2) \co(n) - loglog(«)| < i//(n)y/logloën 

holds for "almost all" positive integers n in the sense that the 
proportion of positive integers n<Nfor which (2) holds tends 
to one, as TV —• oo. 
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Some twenty years later, Erdös and Kac [EK] proved that for 
any real number z the relation 

lim -r-T#{n < N: co(n) < log log « + z^/loglogw} 

= -7= e~x/2dx. 
v m j-oo 

holds. This result refines the Hardy-Ramanujan theorem, for it 
shows not only that the number of prime factors of a randomly 
chosen integer n lies "with probability one" in an interval of the 
form (2), but more precisely that this number behaves like a nor­
mally distributed random variable with mean log log n and stan­
dard deviation ^/loglogn. 

Results of this type, it turned out, depend very little on the 
particular definition of the function co(n), and similar "limit the­
orems" can be proved for rather wide classes of "arithmetic func­
tions," i.e., functions defined on the set of positive integers. This 
is one of the main subjects of probabilistic number theory; for a 
survey of this area see, for example, Elliott [El]. 

The theorems of Hardy-Ramanujan and Erdös-Kac describe the 
number of prime factors in the facorization of a random integer 
in a very precise, and in a sense best-possible, way. The next 
problem is to determine, as precisely as possible, the size of the 
prime factors p. in (1). Since by the Hardy-Ramanujan theo­
rem a typical integer n has about log log n such prime factors, 
it is appropriate to rescale and consider the numbers log log/^ 
rather than p.. These numbers are all contained in the interval 
[log log 2, log log n], so that, assuming a reasonably uniform dis­
tribution over this interval, one might expect that log log p. « i. 
This is indeed the case, as was first shown by Erdös [Er] with the 
following result: Let e > 0 and let £(n) be a function tending 
to infinity with n . Then for almost all positive integers n with 
prime factorization ( 1 ) the inequalities 

(3) | log log/?; - i\ < (l+fi)V2/loglog/ (<j?(n) < i < r) 

hold. (Here "almost all" has the same meaning as in the theorem 
of Hardy-Ramanujan.) The result is best-possible in the sense that 
it becomes false if, in (3), 1 + e is replaced by 1 - e . 

There is a striking analogy between this result and the law of it­
erated logarithm in probability theory which states that if Xx, X2, 
. . . are independent, identically distributed random variables 


