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a text for a seminar or a reading text for graduate students with
some background in analytic number theory.
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INTRODUCTION

Like a newspaper’s headline, a Conference Proceeding can cap-
ture a moment in the history of science and thought. As if read-
ing old newsprint, you will enter that moment as a time traveler.
But, you travel in time without the context or ties to the newspa-
per’s moment, though the context gives meaning to the newspaper’s
words—turns two dimensional pictures to three dimensional lives.

Geometrical methods in theoretical physics presents us with pro-
ceedings from a conference in Como, the country was Italy, the
time was late summer, two years ago. Read it as newsprint; it
reports of events in mathematical physics, excitement that dates
from those summers ago. But, for most of you readers, the context
is missing, so I will provide a taste in the space that’s allotted, for
with no context, these proceedings can be dusty and dry.

Geometrical physics can be traced back to Einstein and ideas
that were born seven decades ago. He taught us to think of space-
time together, one geometrical object—not abstract points. Space-
time is a manifold, locally Euclidean, but curved in the large and in
the four directions of space and time. This curvature we humans
interpret as gravity—that most mundane of forces that holds us
to Earth. Einstein taught that not only do we feel the curving,
but the curvature feels us too. Einstein’s Equation equates a part
of that curving to the energy of the matter that sits in the space.
Mathematically put:

Ricci Curvature — 1/2- Scalar curvature = Stress Energy.

Tests have been done which confirm Einstein’s equations.

While Einstein pursued his theory of space-time, physics ex-
perienced an unprecedented upheaval, the birth of the quantum
mechanical view. According to the laws of quantum mechanics,
an isolated physical system (an atom, for example, or the whole
universe for another) is (loosely) described in the following way: A
complex vector space V' must first be proposed, and ¥ must have
an inner product: ( , ). This inner product must be hermitian
and positive too. (Hermitian requires that (c-y, ¢) =c" - (v, @)
and (y,c-¢) =c-(y, ¢) for all complex numbers ¢ and vectors
v and ¢ in V. Positivity requires that (¢, ¢) is positive unless
$=0.)

The possible states of the (isolated) system should each be as-
signed a complex line in ¥ . And, each performable measurement
of the system should be assigned a selfadjoint operatoron V. (An
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operator O on V is selfadjoint if (v, O¢) = (Oy, ¢) for all vec-
tors ¥ and ¢ in V'.) Once all of these assignments are made,
quantum mechanics makes the following additional postulate: The
evolution of the states as a function of the parameter that we call
time is to be effected by the action on V' of a 1-parameter (time)
group of unitary operators. Futhermore, this group has a genera-
tor which is to be a multiple of that specific selfadjoint operator
which corresponds to the total energy of the system.

Quantum mechanics has been tested by experiment again and
again, now for almost 70 years. All tests have been passed with
flying colors. Quantum mechanics is as good a theory as one could
hope to find.

Make your peace with these last two historical points; for the
greatest conceptual problem in physics which yet stands unsolved
is: Formulate a version of quantum mechanics which is consistent
with Einstein’s theory of gravity. Or, modify Einstein’s gravity to
be consistent with quantum mechanics.

The unification of gravity with quantum mechanics defies, to
date, even a formally consistent solution. By comparison, the unifi-
cation of quantum mechanics with Einstein’s special relativity has
had a formal solution (quantum field theory) now for forty years.
Indeed, the formulation is easy: Unification with special relativity
requires that our unitary representation on ¥ of the linear group
of time translations should be naturally embedded as a subgroup
in a unitary representation on the space V' of the Poincaré group
(the semidirect product of the Lorentz group SO(3, 1) and the
Euclidean group of translations R4) .

This unification of quantum mechanics with special relativity is,
in practice, remarkably difficult to achieve for systems with inter-
particle interactions. In fact, for realistic physical systems, quan-
tum field theories exist only in a formal sense: There is but an
algorithm for calculating the probabilities of the various outcomes
of experiments and observations. The algorithm is reasonably suc-
cessful though it does not (as yet) have any rigorous mathematical
justification. All physicists of repute believe the calculations from
these formal quantum field theories. (Much difficult mathematical
work (see, e.g. [G-J]) justifies an optimistic outlook for eventual
construction of the mathematical foundations.)

With the preceding broad remarks understood, let me turn to the
specific issues which faced the mathematical physicists at Como.
At Como, most of the papers discuss aspects and spin-offs of
two recent, popular (and not unrelated) approaches to the afore-
mentioned reconciliation problem. These being String theory and
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Supersymmetry. I will describe both, but let me first end any
suspense: Neither has yet successfully unified gravity with quan-
tum mechanics, not even in the formal manner that constitutes a
“proof™ for my physicist friends.

SUPERSYMMETRY

In supersymmetric quantum mechanics (as I have learned from
the writings of E. Witten, [W] for one), the vector space V is
posited to decompose as a direct sum of V,® V), called the “even”
and “odd” elements of V. Furthermore, the selfadjoint operator
which represents the total energy of the system in question must
be the square of a selfadjoint operator which changes even to odd
and vice versa. Call this new operator Q, then with respect to the
aforementioned direct sum decomposition of V',

0 ¢
Q —1
g 0

Marrying supersymmetry with special relativity introduces an
exceptionally rich structure. One is led fairly rapidly to interesting
mathematical investigations of extensions of the lie algebra of the
Poincaré group. This is a consequence of the fact that the total
energy of a system is not an invariant notion; two observers, both
moving at constant, but different velocities will disagree about the
total energy.

A simple experiment with a thrown baseball and a plate glass
window will convince you that a ball in motion has more energy
than a ball at rest. So, the fact that the energy of a system is a
function of the observer’s velocity is easy to establish (though the
correct functional dependence is not as accessible to the arm chair
physicist.)

The fact is that energy in special relativity is one component in
a vector representation of the Lorentz group, SO(3, 1). Thus, our
operator on V' which represents the total energy must be one of
the four components of a 4-vector of operators on V', where the
other three components generate an action on V' of the Euclidean
group of spatial translations. These other three operators are called
the momentum operators.

With this last fact understood, we see that a relativistic theory
which asserts a square root operator for the energy operator must
assert the existence of a square root operator for each of the three
momentum operators. And, each of these new square root oper-
ators must change even to odd and vice-versa. Call our original
energy operator P, and each of the three momentum operators
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P, 2.3¢ Then each has a square root Qo, 1,23 The invariant way
of saying this:
QQ;+QQ,=P;-d;.

Here, it is explicit that the representation on V' of the Lie alge-
bra of the Poincaré group has been augmented by operators whose
anticommutators (rather than commutators) has been prescribed.
Such an augmentation is called a “super Lie algebra,” and a quan-
tum field theory with such a super Lie algebra represented on its
vector space V of states is called a “supersymmetric” quantum
field theory.

The dream among the supersymmetry afficianados is that a su-
persymmetric quantum field theory might be found which contains
Einstein’s gravity as a natural classical limit. There is some math-
ematical evidence that certain pathologies which arise when quan-
tizing gravity are incompatible with the existence of an underlying
supersymmetry. So there is some evidence that a supersymmetric
theory should be easier to quantize than Einstein’s.

I will refer you for further details and references to §V of Dif
ferential geometric methods in theoretical physics. But first, a com-
ment of a personal nature: I will begin with the apology that I am a
complete novice with supersymmetry and the related fields. With
this last remark understood, I can say that I found, with two ex-
ceptions, the contributions to §V to require significant effort by the
reader. That is, the writing is terse and full of specialized jargon.
But, in any event, the collection of references seems to be timely;
and such a collection is one of the prime benefits to owning such
a book as this.

My two exceptions are: First, the article by U. Bruzzo titled Su-
permanifolds, supermanifold cohomology and super vector bundles
which has an imposing name, but gave me a nice taste of what a
supermanifold is. My second exception is the article by Manfred
Scheunert which is an introduction (sans proofs) to the represen-
tation theory of super Lie algebras.

STRING THEORY

String theory and its kin, the conformal field theories, have had
a remarkable impact on mathematics in the past five years. Notice
that I said mathematics. Their impact on actual physics has been
minimal, except for the nonminimal effect of turning a whole gen-
eration of young theoretical physicists into mathematicians. I will
explain.

The basic novelty in string theory is the replacement of the point
as the idealized particle with an extended object, the string. To






