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The dynamical systems encountered in physical or biological
sciences can be grouped roughly into two classes: the conserva-
tive ones (including the Hamiltonian systems) and those exhibit-
ing some type of dissipation. These dynamical systems are often
generated by partial differential equations and thus the underlying
state space is infinite dimensional.

I. It is natural to expect that the flow defined by a dissipative
system shall be simpler than the one of a conservative system. It is
perhaps even possible to isolate an interesting class of systems for
which one can adapt several ideas coming from the ordinary differ-
ential equations (O.D.E’s) to the analysis of the flow. If this can be
done, then one must overcome the difficulties that arise due to the
nonlocal compactness of the state space. This will require some
type of “smoothing” property of the dynamical system. There are
also problems that can arise at infinity due to the unboundedness
of the space. This problem is avoided by imposing specific dissipa-
tive conditions. To make the discussion more meaningful and to
motivate the class of systems considered in the book under review,
it is instructive to recall the situation for the ordinary differential
equations.

In his study of the forced van der Pol equation, Levinson [13]
introduced the concept “point dissipative.” To keep the techni-
cality at a minimum, let us discuss at first discrete dynamical
systems; that is, those defined by a map 7T: R” — R". The
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map T is point dissipative if there exists a bounded set B such
that, for each x € R", there is an integer ny, = ny(x, B) such
that 7"x € B for n > ny,. If T is point dissipative, then
due to the local compactness of R”, it is easy to show that T
is bounded dissipative (equivalently, uniformly ultimately bounded
or else there exists an absorbing set), that is, there is a bounded
set B such that, for any bounded set U, one can find an inte-
ger ny(U, B) such that T"U C B for n > ny(U, B). For any
bounded set B of R", we define the w-limit set w(B) of B as
@(B) =,>0 Cl(U?zl T’(B)). If T is bounded dissipative, then
the local compactness of R” implies that w(B) is compact and
invariant for any bounded set B of R" (i.e. Tw(B) = w(B)).
Therefore, if T is bounded dissipative and if we choose for B
a ball of large enough radius, then w(B) = & is the global at-
tractor; that is, & is compact, invariant and d..(T"U, &) — 0
as n — +oo for any bounded set U where op(T"U, &) =
Sup,. ¢y inf /| X — Y|z~ . Note that this definition of the global
attractor implies that ./ is maximal with respect to inclusion and
hence unique. Thus, point dissipativness implies the existence of
a global attractor (see Pliss [17]). This allows one to reduce the
discussion to & . Of course, if T is a mapping from M into M
where M is a compact manifold without boundary, & = M (by
uniqueness) and then nothing is gained.

Is it possible to have properties similar to the ones mentioned
above for dynamical systems on R” valid for an interesting class
of dynamical systems on a Banach space X? To overcome the
part of the difficulties at infinity, it is natural to require point dis-
sipativeness as one of the fundamental properties. Unfortunately,
due to the nonlocal compactness in infinite dimension, there are
examples in which point dissipative does not imply that the orbits
of bounded sets are bounded; where point dissipative and orbits of
bounded sets are bounded does not imply bounded dissipative and
where bounded dissipative does not imply that w(B) is compact
and invariant, if B is bounded. A counterexample to the latter im-
plication can be constructed, for instance, for a wave equation, in
which the damping B(u)u,, with B(u) continuous and bounded,
satisfies B(u) = O for |u| < r, and B(u) = B, for |u| > 2r,,
where r, is a positive constant.

Thus, to have a theory comparable to the one for O.D.E’s, one
must impose a type of smoothing property on the operator 7.

If some iterate of T is compact, Billotti and LaSalle [3] proved
that point dissipative implies bounded dissipative which in turn
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implies the existence of a global attractor. Ladyzhenskaya [11,
12] has observed a similar result in the study of the Navier-Stokes
equations on a bounded domain of R,

If no iterate of T is compact, then the desired smoothing prop-
erty is not clear. However it can be motivated in the following way.
The orbits of bounded sets being bounded should be something
that is observed about the system without reference to smoothing
properties of 7. Therefore we can ask the two following ques-
tions:

1. If the system is point dissipative and the orbits of bounded
sets are bounded, which conditions on 7 are needed to have
bounded dissipativeness?

2. What conditions on 7 do imply that the w-limit set w(B)
is compact if the positive orbit y+(B) =U,>o T"B is bounded?

A local version of question 1 is related to a basic problem in
stability theory of compact invariant sets. Let J be an invariant
set; the set J is stable if, for any neighbourhood U of J, there
is a neighbourhood V of J such that T"V c U forall n > 0.
The set J attracts points locally if there is a neighbourhood W
of J such that J attracts the points of W (We recall that J
attracts a set C under T if, for any ¢ > 0, there is an integer
ny,=ny(e, J, C) such that T"C belongs to the e-neighbourhood
Ay(J,¢e) of J in X for n > n,.) Finally the set J is asymp-
totically stable (a.s.) if J is stable and attracts points locally; the
set J is uniformly asymptotically stable (u.a.s.) if J is stable
and attracts a neighbourhood of J. If J is a compact invari-
ant set, which conditions on 7 will imply that the properties of
a.s. and u.a.s. for J are equivalent? A careful analysis of this
question (see [7, Chapter 1]) leads naturally to the introduction of
asymptotically smooth maps. A continuous mapping 7: X — X
is asymptotically smooth, if for any nonempty closed bounded set
B C X, there is a nonempty compact set J = J(B) C X such that
J(B) attracts the set L(B) ={x€B; T"x€ B, n>0}.

One can prove the following results. If T is asymptotically
smooth, point dissipative and if the orbit of any bounded set is
bounded, then T is bounded dissipative. Furthermore, if T is
asymptotically smooth and B is a nonempty bounded set such
that the positive orbit y*(B) is bounded, then w(B) is nonempty,
compact, invariant and attracts B. These properties lead us to the
following existence theorem.

If T is asymptotically smooth, point dissipative and the orbits of

bounded sets are bounded, there exists a connected global attractor
.
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Completely continuous maps are asymptotically smooth. An-
other example is given as follows: if, for each integer n, T" is
equal to S, + U, where U, is completely continuous and, for any
r > 0, there is a constant k(n, r) (with k(n,r) — 0 as n — +00)
such that ||S, x||, < k(n,r) if |x||y < r, then T is asymp-
totically smooth. More generally, conditional f-contractions are
asymptotically smooth. We recall that a continuous map 7: X —
X is a conditional B-contraction of order k, 0 < k < 1, with re-
spect to the measure of noncompactness g if f(TB) < kB(B) for
any bounded set B ¢ X for which TB is bounded. The class of
asymptotically smooth mappings contains many of the important
dissipative dynamical systems encountered in the sciences. For in-
stance, the time one map of the flow generated by certain damped
wave equations is asymptotically smooth.

The above concepts of course apply equally well to the continu-
ous dynamical systems, i.e., to the Co-semigroups T : X—-X,
t > 0. Usually the backward initial value problem is not well
posed for infinite dimensional Co-semigroups. But, as the attrac-
tor ./ contains only complete orbits, the backward existence of
solutions is ensured, so it remains to study the question of back-
ward uniqueness of solutions on the attractor. For many partial
differential equations (P.D.E.’s), this backward uniqueness on the
attractor is true, while the class of functional differential equa-
tions (F.D.E’s) for which backward uniqueness is valid is not well
understood.

Although the above theorem is a powerful tool, in general, it is
not obvious to show that an infinite dimensional dynamical system
admits a global attractor. For instance, in the case of P.D.E’s, one

must prove at first that the equation generates a CO-semigroup (a
nontrivial fact in general). For several P.D.E.’s, one shows directly
that the system is bounded dissipative by using a priori estimates
(e.g. energy methods).

II. If a global attractor ./ exists, then any orbit will enter and
remain in a small neighbourhood of &/ after a finite time. This
does not mean that the transient behavior in a neighbourhood of
& is unimportant. One expects that it will be reflected by the flow
on & . However this question has not received much attention
in the literature. Of course, the flow on . can be extremely
complicated because of the geometrical or topological structure of
& as well as the dimension of &/ (Hausdorff dimension, fractal
dimension or capacity).

The property of finite dimensionality of attractors was first
proved by Mallet-Paret [14] for a general class of equations on
a Hilbert space with an application to delay equations. Later,






