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The subject matter of Real reductive groups! is the harmonic 
analysis and representation theory of real reductive Lie groups. 
This book lays the groundwork for an eventual Part II which will 



184 BOOK REVIEWS 

culminate with Harish-Chandra's proof of the explicit Plancherel 
formula on any real reductive Lie group. As a member of the 
new generation of representation theorists, I am somewhat embar­
rassed to admit my ignorance of many details in Harish-Chandra's 
pioneering program; the reader is directed to the essays of Howe, 
Varadarajan and Wallach in [2] for accounts of Harish-Chandra's 
work. Instead, I will explain to the interested reader just what "har­
monic analysis and representation theory of real reductive groups" 
means in the context of Wallach's book. 

WHAT IS A REAL REDUCTIVE GROUP? 

We begin with an exercise to convince the reader that he is 
already well acquainted with the notion of a real reductive group, 
at least in spirit, if not in name. The exercise is this: Compile 
a list of groups which are simultaneously smooth manifolds (so-
called Lie groups). The real numbers R, the complex numbers C, 
R" and Cn fit into this list; as well as the n-torus (S1 x • • • x S{). 
The matrix groups provide an abundant source of noncommutative 
examples. The groups, GlnR (nxn real invertible matrices), SlnR 
(the determinant= 1 subgroup of GlnR), or the invariance group of 
a nondegenerate form are noncommutative Lie groups which arise 
in any undergraduate linear algebra course. More generally, any 
topologically closed subgroup G of GlnF (F = R or C) which is 
closed under the operation of conjugate transpose is of the desired 
type and we take this as the definition of a real reductive group G. 
These are the basic objects of study in Wallach's book. 

One might ask if every matrix group is a real reductive group. 
The answer is no; for instance, {g e SlnR : g is upper triangular} 
is not a real reductive group, rather a solvable group. The Levi-
Mat cev Theorem insures that every smooth group of matrices can 
be written as a semidirect product of a solvable group and a real 
reductive group. 

WHERE THE SUBJECT OF THE BOOK COMES FROM 

We begin with Fourier analysis on the unit circle S{. Recall 
the elementary exponentials yn(6) = exp( in 6) on Sl, where / = 
(-1)1 /2 and n e Z . Given a smooth function ƒ on S{, we define 
the Fourier transform 6V (ƒ) = fa f(d)y(6)dd. Then Q can 
be viewed as a continuous linear functional (a distribution) on 
C°°(Sl). Following the viewpoint of Harish-Chandra [1], we will 
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view the process of writing the Dirac distribution S(ô(f) = f (e)) 
as a "linear combination of Q , n e Z " as the explicit Plancherel 

problem for S{. In our setting, the solution to this problem is ô — 
^2neZ@y , which amounts to the equality of ƒ with its Fourier 
series at the identity. 

Suppose we replace Sl by a real reductive group G and try 
to carry through the above discussion. We begin by finding an 
analogue of the Fourier transform. Notice that % = {yn'- n e 
Z} exhausts the set of continuous group homomorphisms of Sl 

into Sl. For our general G, one might replace i? by the set 
of continuous homomorphisms of G into Sl, denoted Gp and 
referred to as the Pontryagin dual of G. This approach succeeds 
when G is commutative; in fact, this will work for any locally 
compact commutative topological group. This success is due, in 
part, to the fact that there are enough characters to separate points. 
However, once we move into the noncommutative setting it may 
well happen that Gp = {e} . 

Altering our viewpoint, we refer to a continuous group homo-
morphism n from G into %f(Hn) = unitary operators on the 
Hubert space Hn as a unitary representation of G. In particu­
lar, n(g) is a unitary operator on Hn for every g e G. We call 
Hn the representation space of n and a subspace S ç Hn is called 
n-invariant if n(g)S ç S, for all g e G. Those n for which Hn 

admits no closed ^-invariant subspaces other than 0 and Hn are 
called irreducible unitary representations and we use the notation 
Gu for the set of all such representations. As evidence that we are 
proceeding along the correct lines, the Gelfand-Raikov Theorem 
tells us that there are sufficiently many irreducible unitary repre­
sentations to separate points. Additionally, in the commutative 
case, any x £ G can be viewed as a one dimensional irreducible 
unitary representation / : G —• 2^(C), acting by multiplication 
and this yields a natural bijection Gp = Gu. 

What is the price we have paid by replacing Gp by Gu ? This 
can be answered in many ways, but the bottom line is that the 
Hubert spaces Hn associated to n e Gu may be infinite dimen­
sional. Nevertheless, ignoring this point, we can still mimic the 
prior definitions and set n(ƒ) = fG f(g)n(g) dg, for smooth com­
pactly supported functions ƒ , with n eGu and dg a fixed Haar 
measure on G. With some care and work, we find that n( f) de­
fines a trace class bounded operator on Hn and we obtain a com­
plex number by setting the Fourier transform of n at ƒ equal to 
®n(f) = trace fG f(g)n(g)dg. In particular, 6^ can be viewed 
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as a distribution on G. Following [1], we can now state 

(1) Explicit Plancherel problem for G. Write the Dirac 
distribution (ô(f) = f (e)) as an explicit "linear 
combination of Sn 's, with n eGu" 

PRIMARY GOAL OF THE BOOK 

We take the solution of the explicit Plancherel problem as our 
guiding light. However, the above discussion suggests that a foray 
into the representation theory of a real reductive group will be 
necessary. For starters, it would seem we will need to have in 
hand a parametrization of Gu if there is any hope of explicitly 
solving (1). To see what is at stake here, an abstract (as opposed to 
explicit) Plancherel Formula asserts that f(e) - Jp 6 (ƒ) dfi(n), 

u 

where d/u is the Plancherel measure on the set Gu . For example, 
if G = Sl, then dfi is just counting measure on Z = Gu and 
this integral becomes a Fourier series. The desire for explicitness 
in (1) amounts to a good description of the Plancherel measure in 
terms of data intrinsically attached to G. 

In large part, Real reductive groups. I lays out a first approxima­
tion to the parametrization of Gu . This classification appeared in 
the 1970s and parametrizes the somewhat larger class of irreducible 
admissible representations, denoted Ga. In the definition of an 
admissible representation (n9Hn) we require only that n(g) be a 
linear automorphism of a Hubert space Hn , then take as a defin­
ing axiom a key property exhibited by any n eGu: n restricted to 
a maximal compact subgroup K of G decomposes into a Hubert 
space direct sum of irreducible representations of K and each class 
of irreducible AT-representation occurs at most finitely often in this 
sum. The Langlands classification will parametrize Ga in terms of 
the irreducible tempered representations (defined below) of reduc­
tive subgroups L of G, while the Knapp-Zuckerman classification 
then provides a list of the irreducible tempered representations of 
each such L. In the end, the support of the Plancherel measure 
lies inside the set Gt of irreducible tempered representations of 
G, which in turn lies inside Gu . See Figure 1. 

BUILDING REPRESENTATIONS 

We need two fundamental representation theoretic construc­
tions for building new representations from old. First, a process 
of going from admissible representations of reductive subgroups 
L of G to admissible representations of G, a technique referred 
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FIGURE 1 

to as induction. Secondly, a "reverse" process of going from ad­
missible representations of G to admissible representations of re­
ductive subgroups L of G, a procedure we shall term reduction. 
Each technique is used in the proof of the classification. 

Having fixed our ambient real reductive group G, we need to 
describe a canonical family of reductive subgroups L of G. The 
idea is best illustrated by looking at the case when G = SlnR. In 
this case, we define Pm to be the subgroup of upper triangular 
matrices. Any subgroup P of G (including G itself) containing 
Pm will be called a parabolic subgroup. In our special case, a typical 
P will consist of "block" upper triangular matrices; for example, 
if n = 3 , we can schematically describe four parabolic subgroups 
as 

( * * * \ / * * * \ / * * * \ / * * * \ 
* * * ] [ 0 * * | 1 * * * 1 I 0 * * I 
* * *y \0 0 * j \0 0 *y \0 * *y 

In general, parabolic subgroups are not reductive, but we can al­
ways decompose P as a semidirect product P = LN, where N 
is a normal nilpotent subgroup of P and L is a reductive sub­
group of G. The subgroups L arising from parabolic subgroups 
of G will be crucial in all that follows and we refer to them as 
Levi subgroups. 

Given an admissible representation (r, Hx) of a Levi subgroup 
L , we extend T to a representation of P = LN, by letting x{n) 
be the identity operator for every n G N. Forming the function 
space 

indp(r) = {ƒ : G —• H \ ƒ is continuous and f(gp) 
def 
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we then define 7rreg on ind^r) via [nTeg(x)f]{g) = f(x l g), 
x, g e G. By completing indp(r) with respect to a particular 
norm we arrive at Indp(r) , referred to as a P-induced representa­
tion of G. AU such induced representations are admissible repre­
sentations of G and this procedure exhibits the process of induc­
tion central to the Langlands classification. In fact, one can view 
this induction construction as an old friend from vector bundle the­
ory: If (T, HX) is a finite dimensional representation of a parabolic 
subgroup P, then one can associate a homogeneous vector bundle 
2^ over the manifold G/P, having fibre Hx at the identity coset. 
The space ind/,(r) describes the continuous sections of this vector 
bundle. 

Before describing our reduction procedure, we need a funda­
mental idea of Harish-Chandra. Namely, that we replace an ad­
missible representation n on the Hilbert space Hx by the subspace 
Hn K ç Hn consisting of the algebraic (as opposed to Hilbert 
space) direct sum of irreducible representations of K occurring 
in the restriction of n to a maximal compact subgroup K of 
G. The resulting vector space Hn K , stripped of its topology, is 
called the underlying Harish-Chandra module of n ; the study of 
such modules is initiated in Chapter 3 of the book. Of course, 
this process of passing from n to Hn K comes at a price: Harish-
Chandra modules are not representation spaces for the group G. 
However, the price is not too high: The subspace Hn K is dense in 
Hn , simultaneously carrying a representation of the complexified 
Lie algebra g of C and our maximal compact group K. More­
over, the notions of irreducibility of n and irreducibility of Hn K 

are equivalent and nothing will be lost if we proceed to classify the 
irreducible Harish-Chandra modules. 

To describe our reduction technique, let n denote the com­
plexified Lie algebra of the Lie group N. We consider the func­
tor which assigns to an admissible representation n of G the 
space H0(n9 n) = Hn K/(n.Hn K), referred to as the space of 

n-coinvariants in n. This defines a right exact covariant func­
tor from the category %fêG of Harish-Chandra modules for G 
into the category of complex vector spaces, so we may study the 
higher order derived functors applied to n, which are referred 
to as the n-homology groups with coefficients in n and denoted 
Hk(n9 n), k > 0. Each of the vector spaces Hk(n, n) will be 
the Harish-Chandra module of an admissible (not necessarily ir­
reducible) representation of L ; this is the reduction technique 
needed in the sequel. 


