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Mathematical developments can be viewed as a river fed from 
numerous tributaries and giving rise to branching streams of vig­
orous activity, quiet meandering backwaters which may become 
brackish and stagnate or possibly return with renewed vigour to the 
main stream. Multiparameter spectral theory, of which McGhee 
and Picard's book deals with a particular but central aspect, is an 
example of such an analogy. 

In order to discuss the central questions of multiparameter the­
ory and its relation to other branches of classical and functional 
analysis it is necessary to formulate the general problem. 

Suppose one has k separable Hubert spaces Hr> 1 < r < k 
and a collection of linear operators Tr, Vrs, 1 < s < k, defined 
on these spaces. One now forms the k linear combinations 

(1) Wr(X) = Tr + ^KVrs> l<r<k 

where Às e C are scalars. The central question is then to deter­
mine the scalars A = (X{, . . . , Xk) e C such that all the linear 
operators Wr(k) have nonzero kernels. Briefly then, we have a 
multiparameter spectral problem invoking a plethora of questions 
thus generalising in a nontrivial manner one-parameter spectral 
theory. In particular it is essential to develop a framework in 
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which to discuss the multiparameter generalisation of the classical 
representation theorem 

(2) A=fxdEÀ, 

for a linear operator A defined on a Hubert space H and whose 
spectral measure is Ek . 

In an ordinary differential equation setting multiparameter spec­
tral theory can trace its origins almost as far back as the Sturm-
Liouville theory itself. Indeed in the two-parameter case eigen­
value problems for Wr(k) = 0, r = 1, 2 were studied by D. 
Hubert [9] in which eigenfunction expansion theorems were devel­
oped and by F. Klein [13] who established an oscillation theory. 
R. D. Carmichael [6] treated /c-parameter matrix problems while 
A. J. Pell [15] considered pairs of Fredholm integral operators cou­
pled by pairs of parameters. The motivating and driving force 
underlying multiparameter spectral theory emerges in the separa­
tion of variables technique for the solution of partial differential 
equations. In the most elementary case such as the oscillations 
of a rectangular membrane with fixed boundary one is led to two 
separate Sturm-Liouville problems which are separate not only in 
regard to their independent variables but also with respect to the 
spectral parameters (i.e. separation constants) as well. For a cir­
cular membrane there is mild coupling via spectral parameters. 
The full multiparameter situation occurs in the case of the ellip­
tic membrane wherein the separated equations both contain the 
same two spectral parameters. The solutions underlying the oscil­
lation problem in this case involve the Mathieu functions. In other 
canonical problems the separation of variables technique leads to 
a study of Lamé, ellipsoidal and spheroidal functions etc. which 
together with the Mathieu functions constitute the so called higher 
special functions of mathematical physics. Their importance to 
physics and particularly quantum mechanics in the early decades 
of this century attracted considerable attention by analysts and for 
a time the mainstream of multiparameter theory was somewhat 
neglected. Most of this early work on the higher special functions 
was brought together by A. Erdélyi in volume 3 of the Bateman 
manuscript project [8]. 

The first major return to the mainstream occurs between 1953 
and 1955 when H. O. Cordes [7] developed an abstract Hubert 
space setting for the method of separation of variables and es­
tablished a spectral representation theorem for a class of two-
parameter problems. Cordes' beautiful and fundamental ideas lie 
at the heart of recent work and were successfully used by him in 


