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This two-volume set is a very informal, relatively elementary,
and occasionally entertaining survey of parts of a highly-developed
and very useful part of contemporary mathematics. Differential
equations, special functions, number theory, physics, and statistics
all make essential use of harmonic analysis (interpreted sufficiently
broadly).

A prototype for a “symmetric space” is the unit circle R/Z;
harmonic analysis is Fourier analysis. The fundamental idea is that
periodic functions can be “represented by” Fourier series. Several
things can be said about a Fourier series representation
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we have the Parseval identity
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Pointwise convergence is more delicate; the series converges to f
at points where f satisfies a Lipschitz condition, and convergence
is absolute and uniform if f is smooth. If f is smooth, then the
Fourier coefficients of f are rapidly decreasing.

Some things are so simple in this paradigmatic example that
they may not be noticeable. First, the functions x — > (with
n € Z) are the eigenfunctions for the one-dimensional Laplace
operator A: f — 9? f /Bx2 . Integration by parts yields the self-
adjointness of A ; therefore, we might attempt to express LZ(R/ Z)
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as a sum of eigenspaces for A. The expression of an L’-function
f by its Fourier series does this. Note that the spectrum of A,
i.e., the set {—47:2112 : n € Z} of eigenvalues for A, is a discrete
subset of R, and the dimension of each eigenspace is either 2
(for £n with n # 0) or 1 (for n = 0). Second, the functions
x — €2 are the continuous group homomorphisms from R/Z
to C*. The Fourier series for a function expresses it as a linear
combination of these representations. Third, the group R acts on
functions on R/Z by translations: r € R gives an operator 7,
defined by
T,: (x = f(x)) = (x = f(x+71)).

The exponential functions ¥, : x — e?™™ are the eigenfunctions

for these operators, with

2minr
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Further, translation-invariant differential operators on the circle
further invariant under x — —x are polynomials in the Laplacian:
the translation invariance requires that the operator be constant
coefficient, and the invariance under x — —Xx eliminates odd-
order terms.

Fourier series can also be used to understand generalized func-
tions (distributions) on the circle R/Z. Consider the (periodic)
“delta function” J§ on periodic smooth functions f putatively
defined by

1
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There is no such function; however, for smooth periodic functions
f(X) - chezmnx
n
we have |
/ chezni"xé(x) dx=Y ¢,
0 n n
From this, and from the Parseval identity, we might be tempted

to write ‘
J(X) ~ Z e27tmx.
n
This series does not converge anywhere, and is not the Fourier
series of an L* function. However, if we use a formula like Par-
seval’s to evaluate the functional f — J(f) for a smooth function
f, we get the right answer, so this series represents the periodic
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delta functional in this sense. More generally, since the Fourier co-
efficients ¢, of a smooth function f on R/Z are rapidly decreas-
ing, for any sequence {d,} of complex numbers growing polyno-
mially in »n,thesum }_ c,d, isabsolutely convergent. Therefore,
the Fourier series u ~ Y, dnez"'"x makes sense as a distribution
i.e., as a functional on smooth functions. The usual rules for dif-
ferentiating (nicely convergent) Fourier series apply to obtain the
distributional derivative of a distribution written as a Fourier se-
ries: e.g., the » th derivative of the periodic delta is

s~ Z(Znin)kezni"x.
n
A subtler elementary example is Fourier analysis on R. De-
fine the Fourier transform f and the inverse transform f of an
integrable function f on R by

f(x)-_-/Rf(u)eiZnixu du f(x) =/Rf(u)€2nixudu.

For suitable functions f, we recover f from / by the Fourier
inversion formula

f0) =17 (x) = /R Fwe*™™ du.

For example, this holds for smooth f so that f and all its deriva-
tives are rapidly decreasing at infinity (Schwartz functions). There
is a Parseval identity

s )= F)

where
(fi» fH) = /R [i(x)f5(x)dx.

Here, by contrast with the Fourier series situation, the inversion
formula represents functions as integrals of exponential functions,
rather than sums, and the exponential functions are no longer
themselves square-integrable. Still, integration by parts shows that

8f)8x) " =2mixx [

so that Fourier transforms turn differentiation into multiplica-
tion, and the exponentials are eigenfunctions for the Laplacian
A=0? /(Sbc2 . Similarly, letting R act on L2(R) by translation op-
erators, we find that there are no eigenfunctions (obviously), and
that the spectral decomposition given by the Fourier inversion for-
mula is an integral of exponentials, which are eigenfunctions for
these translation operators.
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The theory of Fourier series on R/Z yields an identity between
certain tempered distributions on R, the Poisson summation for-
mula: let f be a Schwartz function on R; then

Yoy =3 fm).
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To prove this, define a smooth function F on R/Z by
F(x)=)_ f(x+n).
nez

Equating F(0) with the Fourier series of F evaluated at 0 gives
the Poisson summation formula directly. Among many interesting
identities derivable from the Poisson summation formula there is
Jacobi’s theta identity

Zexp —nn y 12 Zexp —nn /y) (y >0).
nez nez

Here we play upon the possibility of explicitly computing a Fourier
transform, and also that the Fourier transform of x — exp(—7zx2 y)
is of a similar sort. From Jacobi’s theta identity Riemann obtained
the analytic continuation

Pr(s/2)¢(s) = —1/s — 1/(1 —s) + entire

and functional equation

2T (s/2)¢(s) = 7~ P0((1 - $)/2)¢(1 - 5)
of the zeta function
=y 1/n’
n>1

via an integral transform trick. From this, Hadamard and de la
Vallee-Poussin proved the Prime Number Theorem

number of primes less than x ~ x/logx.

Now consider the unit (n — 1)-sphere "' in R", with the
linear action of the orthogonal group SO(n). For n = 2 we just
have the circle R/Z and the orthogonal group SO(2) is also a
circle, so nothing new is happening. Having better judgement than
to try to write spherical coordinates in n dimensions, we might
define a “Laplacian” A on the sphere as follows. Given a smooth
function f on the sphere, define a smooth function f on R" —0
by

Fe) = fx/l1x1).
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Then for x € $"~! put

Af(x) =Y (8% /0x]) f(x) restricted to S"".

1

It is not so hard to check that this differential operator is rotation-
invariant, and is selfadjoint with respect to integration against a
rotation-invariant measure on the sphere. In fact, any rotation
invariant differential operator is provably a polynomial in this A.
By Weierstrass approximation, the space V' of functions on st
given by restrictions of polynomials on R” is dense in LZ(S"_I) .
Some simple considerations also show that the space

2
X = {polynomials on R” annihilated by » 6—2}
70X

map surjectively to V' under restriction to the sphere. Let #(d)
be the finite-dimensional space of homogeneous degree d elements
of /Z . Then we readily compute that A acts on Z(d) by the
scalar —d(n +d — 2). Therefore, the spectrum of A on the sphere
is discrete, with finite multiplicities. The restrictions of elements of
A to the sphere are spherical harmonics, and for distinct degrees
the spherical harmonics are orthogonal, because the eigenvalues
are distinct. The theory of distributions on the sphere is explicable
in terms of expansions in spherical harmonics, in analogy with
distributions on R/Z.

Generalizing R/Z, Euclidean spaces, and spheres, symmetric
spaces are connected Riemannian manifolds M such that for each
point x, € M there is a geodesic-reversing isometry fixing x,. A
symmetric space can be factored into irreducible factors, each of
which is a symmetric space. Irreducible symmetric spaces are of
three types: Euclidean (~ R), compact, and noncompact. The Eu-
clidean case is very familiar, and the compact symmetric spaces are
all quotients of compact simple Lie groups by closed subgroups,
so are relatively easy to understand. The irreducible noncompact
symmetric spaces are all quotients G/K where G is a noncom-
pact simple real Lie group and K is a maximal compact subgroup
of G. Thus, the isometry group G of a symmetric space M acts
transitively on M . E. Cartan showed that every symmetric space
with no Euclidean factor is a quotient G/K for a semisimple Lie
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group G and a compact subgroup K. Since G has a two-sided
Haar measure, there is a left G-invariant measure on G/K and
a right G-invariant measure on quotients I'\ G of G by discrete
subgroups I'. Functions on G/K obviously can be turned into
right K-invariant functions on G and vice-versa, and functions
on I'\ G/K are left I'-invariant right K-invariant functions on
G, which are right K-invariant functions on I'\ G, etc. The point
is that we can do analysis on I'\ G without loss of generality, a
fundamental object being the space LZ(F\ G) of square-integrable
functions. Note that I'\ G/K generally does not have an action
of G upon it, so we cannot discuss G-invariant objects thereupon;
the change from analysis on G/K to G itself, as obvious as it now
may seem, was no small step historically. (The structure of Rie-
mannian manifold of G/K should not be entirely forgotten.) The
book [H] provides a systematic treatment of analysis on symmetric
spaces.

The algebra of G-invariant differential operators on G/K is a
homomorphic image of the commutative finitely-generated alge-
bra Z of left and right G-invariant differential operators on G
itself. The operators in Z naturally descend to right G-invariant
operators on quotients I'\ G. A fundamental problem is spec-
tral decomposition of LZ(F\ G) with respect to Z. G acts on
Lz(l'\ G) by right translation 7, giving unitary operators, and we
can ask to decompose L? (T\ G) with respect to this action n of G
(into irreducible unitary representations of G). Since n(G) com-
mutes with the operators in Z , Schur’s lemma shows that these
two spectral decomposition problems are intimately related. If we
only look at Lz(I“\ G/K) then there are no representations of G
in evidence, since G generally does not act on the double quotient
I'\G/K.

Having more or less converted the problem of decomposition
with respect to differential operators into a decomposition problem
regarding group representations, we could drop the hypothesis that
G be a Lie group, and pose the question more generally: for a
unimodular topological group G and a closed unimodular subgroup
I' decompose Lz(l"\ G) into irreducible representations of G .

When I'\ G is compact (e.g., when G itself is compact), L T\
G) decomposes directly with finite multiplicities into irreducible
representations of G ; therefore, in the Lie group case, Schur’s
lemma shows that L* (T"\ G) has a Hilbert space basis of eigen-
functions for the differential operators in Z . When I'\ G is non-
compact, there is typically some continuous part in the spectral
decomposition, as well.






