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MAPPING PROBLEMS IN COMPLEX ANALYSIS 
AND THE 5-PROBLEM 

S. BELL 

1. INTRODUCTION 

Mark Twain's most famous short story, The Celebrated Jumping 
Frog of Calaveras County, was translated into many languages dur­
ing his lifetime, including French. The French did not think the 
story was funny. Twain, in order to discover whether it was a flaw 
in the French persona or a flaw in the translation that rendered his 
hilarious story a flop, had the French translation translated word 
for word back into English. The French persona was exonerated; 
indeed the retranslation was not funny. In this paper, I will trans­
late some results from one complex variable into the language of 
several variables, and then back again to one variable. The end 
result will differ from the original. I hope that the new perspective 
will enhance, rather than detract from, our understanding of the 
original. 

Translating a result from one complex variable to several is 
more involved than merely saying, "Now let n > 1." Indeed, 
many arguments in one variable use the special relationship that 
exists between harmonic and holomorphic functions in the plane. 
In several variables, harmonic functions do not enjoy an elevated 
status; they are almost never mentioned. Thus, in several vari­
ables, a substitute must be found for the Laplace operator and 
the functions it annihilates. Generally, it is the d -operator which 
replaces the Laplacian. In one variable, the ö-operator is given 
by d/dz = j(-jfc + i-jfc). An excellent place to see classical one 
variable results proved using 8 -techniques is in the first chapter of 
Hörmander's book on several complex variables [23]. For exam-
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pie, there you will find the following three line proof of the Mittag-
Leffler Theorem based on the fact that, given any function a which 
is C°° on a domain £2, there exists a function v e C°°(Q) such 
that dv/dz - a . Suppose that ai is a sequence of distinct points 
which does not have a limit point in the domain Q and suppose 
that Pt(z) is the principle part of a meromorphic function at ai. 
Let Df be a sequence of disjoint discs contained in Q such that 
ai G Di and let <j>. be a function in C^°(D/) which is identically 
one on a small neighborhood of ai. The function u = Y1^L\ ^ / ^ 
is in C°°(Q - {af}) and has the correct principle parts, but it is 
not holomorphic there. To get a holomorphic solution, we let v 
be a C°° solution to the d-problem, dv/dz = a , where a is a 
C°° function and is equal to du/dz on Q - {at} and zero at each 
a{. Now, w — v is a solution to the Mittag-Leffler problem. (OK, 
four lines.) Besides harmonic functions, the cherished notion of 
conformality is also absent from the theory of functions of several 
complex variables. 

Most of us agree that the theory of conformai mappings of pla­
nar domains is a sublimely beautiful subject. Since many of the 
most highly appreciated theorems of this subject have no obvious 
analogue in several complex variables, one might expect that the 
theory of holomorphic mappings between domains in Cn lacks 
the appeal of the classical one variable theory. I want to show 
how some of our favorite theorems in one complex variable can be 
viewed in order to obtain interesting results in several variables. In 
particular, I want to consider problems in several variables which 
spring from the Riemann Mapping Theorem in one variable. 

I have tried to make this paper comprehensible to any reader 
who knows first year graduate level analysis. 

2. THE RIEMANN NON-MAPPING THEOREM IN SEVERAL VARIABLES 

(The prefix non belongs somewhere in the heading of this sec­
tion, but it is difficult to decide where. I have found that putting 
non in front of the word Theorem yields a good title for a lecture 
on several complex variables.) Poincaré discovered that the unit 
polydisc and the unit ball in Cn are not biholomorphically equiv­
alent, i.e., that there does not exist a one-to-one holomorphic map 
of one domain onto the other. Thus, the statement of a Riemann 
Mapping Theorem in several complex variables must be quite dif­
ferent than in one variable. This is one reason that I find mapping 


