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MAPPING PROBLEMS IN COMPLEX ANALYSIS
AND THE 9-PROBLEM

S. BELL

1. INTRODUCTION

Mark Twain’s most famous short story, The Celebrated Jumping
Frog of Calaveras County, was translated into many languages dur-
ing his lifetime, including French. The French did not think the
story was funny. Twain, in order to discover whether it was a flaw
in the French persona or a flaw in the translation that rendered his
hilarious story a flop, had the French translation translated word
for word back into English. The French persona was exonerated;
indeed the retranslation was not funny. In this paper, I will trans-
late some results from one complex variable into the language of
several variables, and then back again to one variable. The end
result will differ from the original. I hope that the new perspective
will enhance, rather than detract from, our understanding of the
original.

Translating a result from one complex variable to several is
more involved than merely saying, “Now let n > 1.” Indeed,
many arguments in one variable use the special relationship that
exists between harmonic and holomorphic functions in the plane.
In several variables, harmonic functions do not enjoy an elevated
status; they are almost never mentioned. Thus, in several vari-
ables, a substitute must be found for the Laplace operator and
the functions it annihilates. Generally, it is the d-operator which
replaces the Laplacian. In one variable, the J-operator is given
by 8/0z = $( + i£). An excellent place to see classical one
variable results proved using d-techniques is in the first chapter of
Hoérmander’s book on several complex variables [23]. For exam-
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ple, there you will find the following three line proof of the Mittag-
Leffler Theorem based on the fact that, given any function « which
is C* on a domain Q, there exists a function v € C*(Q) such
that 0v/0z = . Suppose that a, is a sequence of distinct points
which does not have a limit point in the domain Q and suppose
that P(z) is the principle part of a meromorphic function at a, .
Let D, be a sequence of disjoint discs contained in Q such that
a,€ D, and let ¢, be a function in C;°(D,) which is identically
one on a small neighborhood of a,. The function u = Zf:l ¢, P,
is in C*(Q — {a,}) and has the correct principle parts, but it is
not holomorphic there. To get a holomorphic solution, we let v
be a C™ solution to the J-problem, dv/0z = a, where « is a
C* function and is equal to du/8z on Q—{a,} and zero at each
a;,. Now, u—v is a solution to the Mittag-Leffler problem. (OK,
four lines.) Besides harmonic functions, the cherished notion of
conformality is also absent from the theory of functions of several
complex variables.

Most of us agree that the theory of conformal mappings of pla-
nar domains is a sublimely beautiful subject. Since many of the
most highly appreciated theorems of this subject have no obvious
analogue in several complex variables, one might expect that the
theory of holomorphic mappings between domains in C" lacks
the appeal of the classical one variable theory. I want to show
how some of our favorite theorems in one complex variable can be
viewed in order to obtain interesting results in several variables. In
particular, I want to consider problems in several variables which
spring from the Riemann Mapping Theorem in one variable.

I have tried to make this paper comprehensible to any reader
who knows first year graduate level analysis.

2. THE RIEMANN NON-MAPPING THEOREM IN SEVERAL VARIABLES

(The prefix non belongs somewhere in the heading of this sec-
tion, but it is difficult to decide where. I have found that putting
non in front of the word Theorem yields a good title for a lecture
on several complex variables.) Poincaré discovered that the unit
polydisc and the unit ball in C" are not biholomorphically equiv-
alent, i.e., that there does not exist a one-to-one holomorphic map
of one domain onto the other. Thus, the statement of a Riemann
Mapping Theorem in several complex variables must be quite dif-
ferent than in one variable. This is one reason that I find mapping
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problems in two complex variables to be more than twice as inter-
esting as those in one variable. (I must admit here that I have also
heard it argued that this is why mapping problems in C? are less
than half as interesting as in C' J)

Let me begin by giving a proof of Poincaré’s result which will
introduce some of the features of holomorphic mappings in several
variables that I will need later.

Theorem (2.1). The ball and the polydisc in C" are not biholomor-
phically equivalent.

Proof. For r € R and a € C", let P(a;r) denote the polydisc
{zeC": |z,—a|<r;i=1,2,...,n},andlet B(a;r) denote
the ball {z € C" : Y0, |z, —a,|* < r’}. Let us suppose that
f:P(0; 1) — B(0; 1) is a biholomorphic mapping. We remark
that it is a classical fact that the inverse of f is also a holomor-
phic map (see Rosay [38] or Krantz [28]). We may suppose that
f(0) = 0. Indeed, because the cartesian product of Mobius trans-
formations is a biholomorphic map of the polydisc onto itself, we
may compose our given map with such a product map to obtain
one that fixes the origin.

Let u =det[0f,/0z j] denote the holomorphic jacobian deter-
minant of the mapping f . It can easily be shown by means of the
Cauchy-Riemann equations that |u|2 is equal to the classical real
jacobian of f when viewed as a mapping from R> to itself (see
[39, p. 11]). Furthermore, because the inverse of f is holomor-
phigc, it follows that u cannot vanish on P(0; 1). Let F = f -
and let U = det [0F;/0z j] denote the holomorphic jacobian de-

terminant of F . Because |u|” is a real jacobian, it follows from
the classical change of variables formula that

[ w@rssEra.= [,
PO 1) B(0;1)

where dV denotes Lebesgue measure on R, Thus, if ¢ €
L*(B(0; 1)), then u(¢ o f) € L*(P(0; 1)). (Here, the notation
u(¢po f) stands for: u times the quantity, ¢ composed with f.)
A similar application of the change of variables formula will yield

the identity

[, mEsvEar. = [ s T,

B(0;1



236 S. BELL

which holds for all ¢ € LZ(B(O; 1)) and all y € Lz(P(O; 1)).
Indeed, to prove this formula, we may first assume that ¢ and
have compact support. The fact that u(z) U(f(z)) = 1 allows us
to write

w0 Ny =ul*(¢o N(Uy o F))o /).
Now it is clear that the identity follows from the classical change
of variables formula. To obtain the more general result with ¢
and y in L? , we apply a standard density and limit argument.
Using (, ), to denote the L* inner product on a domain Q in
C", our formula can be abbreviated

(2'1) <u(¢0f), W)P(O;])=<¢5 U(WOF)>B(0;1)-

Now, because every holomorphic function on the polydisc has a
power series expansion, and because the monomials z* are orthog-
onal in L* on the polydisc, it follows that the set {z" : || > 0}
forms an orthogonal basis for the space H2(P(O; 1)) of holo-
morphic functions which are in L? of the unit polydisc. The
same reasoning applies to the ball. Thus, by expanding a function
he H 2(B(O; 1)) in its Taylor series, it can be seen that

<h P Zu)g(o; )= C(xg—zli(())
for some constant ¢, and for all holomorphic functions 4 in
L*(B(0; 1)). (Note that in case a = (0,0, ..., 0), then z" =1
and the formula becomes (/, 1) ., = ¢,h(0).)

We shall now show that the mapping f must be linear. First,

we will show that u is a constant. Indeed, using the conjugate of
(2.1), we see that

(2", Wpo.1y = (UF", g,y = U0)F(0)"

and this last term is equal to zero if |a| > O because F(0) =
0. Thus, the power series expansion for # must consist only of
a single (nonzero) constant term. Now, to see that f is linear,
observe that

[¢3 x 8 x
(Z0 ufdpo.y = UF ", 2)p0.) = Cig—z‘_{UF 3(0)
1

and this last term is equal to zero if |a| > 1. Thus, the power
series expansion of u f, must be linear and, because u is a nonzero
constant, we conclude that f is linear. It is now clear that no such
f can exist. This finishes the proof of the theorem.
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The proof given above is not Poincaré’s original proof which
involved an explicit computation of the dimensions of the auto-
morphism groups of the ball and polydisc as Lie groups. The proof
above has the virtue of generalizing to yield a proof of Cartan’s
lemma which states that if f:Q — Q, is a biholomorphic map-
ping between bounded circular domains in C" which contain the
origin and if f(0) = 0, then f must be linear. (A domain Q is
called circular if z € Q implies that '’z € Q for all real 6.)

3. BOUNDARY BEHAVIOR OF BIHOLOMORPHIC MAPPINGS

The polydisc is topologically equivalent to the ball, yet the two
domains are holomorphically inequivalent. It is reasonable to sus-
pect that the problem lies with the fact that the ball has a C*
smooth boundary, whereas the polydisc has “corners” in its bound-
ary. Indeed, it turns out to be a very good idea to consider proper-
ties of the boundaries when studying the problem of determining
if two domains in C" are biholomorphically equivalent; however,
the relevant properties are more subtle than mere smoothness. The
proof of Poincaré’s Theorem given above, after some minor mod-
ifications, yields a proof that the ball B(0; 1) and the complex
ellipsoid, E = {(z, w) € c?: |z|2 + |'w|4 < 1} cannot be biholo-
morphically equivalent, because if they were, they would be so via
a linear biholomorphic map, and this is clearly impossible. The
ball and the complex ellipsoid both have C°° smooth boundaries.
A key property that the boundaries of these two domains do not
share concerns the degree to which they are pseudoconvex. The
ball is the most basic example of a strictly pseudoconvex domain,
and the ellipsoid is the simplest example of a weakly pseudocon-
vex domain. I shall not define pseudoconvexity here, but suffice it
to say that it is a differential geometric property and that differen-
tial geometric properties of the boundaries of domains determine
their holomorphic equivalence class rather than topological prop-
erties of their interiors. Indeed, Chern and Moser [15] built on
the pioneering work of Poincaré and Cartan to produce a com-
plete set of differential geometric boundary invariants which must
be preserved under biholomorphic maps between smooth strictly
pseudoconvex domains.

In order to see that the Chern-Moser invariants are preserved
under a biholomorphic mapping, it is important to know that a bi-
holomorphic map between smooth strictly pseudoconvex domains






