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In 1985, Andrew Casson defined an invariant À(M) of an ori­
ented integral homology 3-sphere M [C, AM]. This invariant can 
be thought of as counting the number of conjugacy classes of non-
trivial representations nx (M) —• SU(2), in the sense that the Lef-
schetz number of a map counts the number of fixed points. Casson 
proved the following three properties of A. 

(i) If nx(M) = 1, then A(M) = 0. 
(ii) Let N be the complement of a knot in a homology sphere 

and let N{, denote TV Dehn surgered along one meridian and n 
longitudes (see below for terminology). Then 

X{Nl/n) = X(N) + nA"N{l), 

where A^(/) is the second derivative of the Alexander polynomial 
of N. 

(iii) 4A(Af) is congruent modulo 16 to the //-invariant (see be­
low) of M. 

This paper describes an extension of Casson's methods to the 
case where M is a rational homology 3-sphere, including general­
izations of (ii) and (iii). (This extension is different from the one 
given in [BN].) In addition, an alternate definition of A, using the 
generalized Dehn surgery formula, is given (Theorem 1). 
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Let M be a rational homology 3-sphere (H^(M, Q) = H^(S3 ; 
Q)), and let (Wx, W2 , F) be a Heegaard splitting of M (i.e., M 
is the union of handlebodies Wx and W2, and dW{ = dW2 = 
W{ n W2 = F). Let # be the genus of F . Let 

R= hom(nl(F)9SU(2))/SU(2) 

QJ = hom(nx(Wj)9SU(2))/SU(2)9 

where SU(2) acts via conjugation. R and Q are smooth, com­
pact, locally conelike stratified spaces of dimensions 6g - 6 and 
3g - 3 , respectively. It is, therefore, tempting to try to define an 
intersection number (Q{, Q2) of Q{ and Q2 in R. 

Denote the trivial representation in R by 1. If M is an integral 
homology sphere (H^(M; Z) = H^S3 ; Z)), then Q{ D ô 2

 d°es 
not contain any singular points of R, apart from 1, which is iso­
lated. Hence Q, can be isotoped into general position with respect 
to Q2 via an isotopy supported away from the singularities of R . 
Define (Q{, Q2) to be the signed (finite) number of irreducible 
representations in Qj n Ö2 after this isotopy. It is easy to see that 
this is independent of the choice of isotopy. Up to sign (and a 
factor of \), (Q{, Q2) is Casson's definition of k{M). It is easy 
to show, using the Reidemeister-Singer theorem, that X(M) does 
not depend on the choice of Heegaard splitting of M. 

If M is a rational homology sphere (RHS), Q{ n Q2 meets 
the singularities of R, and things are more complicated. Before 
giving the definition of (Q{, Q2) in this case, it will be necessary to 
discuss the singularities of R in more detail. (The basic reference 
for this is [Gol].) 

R has a stratification 

RDSDP, 

where S consists of representations with Abelian image and is dif-
feomorphic to a 2g-torus modulo a Z2 action, and P consists of 
representations into Z2 (the center of SU(2)). Q. has a similar 
stratification 

QjDQjnSDQjHP. 
Let R_ = R\S, S_ = S\P. Let v be the Zariski normal bundle 
of S_ in JR and let r\. be the Zariski normal bundle of Q. n S_ 
in Qj. 

R has a natural symplectic structure with respect to which Q. is 
Lagrangian. This symplectic structure induces a symplectic struc­
ture of v with respect to which r\. is a Lagrangian subbundle 


