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INTRODUCTION 

Topological and metric entropies are among the most impor­
tant global invariants of smooth dynamical systems. Topological 
entropy characterizes the total exponential complexity of the orbit 
structure with a single number. Metric entropy with respect to an 
invariant measure gives the exponential growth rate of the statis­
tically significant orbits. The knowledge of entropies, especially 
in low-dimensional cases, provides a wealth of quantitative struc­
tural information about the system. Such information includes the 
growth rate of the number of periodic orbits [K 1], "large horse­
shoes" [K 3], the growth rate of the volume of cells of various 
dimensions ([Mn] for geodesic flows, [Y] in general), ergodic com­
ponents, and factors with very stochastic behavior [Pe, Si], etc. 

Unfortunately, because the entropies are defined in global 
asymptotic terms, a priori, we do not expect them to change 
smoothly when the system is perturbed, even in a very nice topol­
ogy like C°° or Cw (real analytic). 

There are several results concerning the regularity of entropy for 
general diffeomorphisms and flows on compact manifolds. Misi-
urewicz [Mi 1] constructed examples to show that the topological 
entropy, h ' Diffoo(M") —• R is not continuous for n > 4 . It 
seems unknown, although unlikely, whether entropy is continu­
ous for n = 3 . Yomdin [Y] and Newhouse [N] have proved that 
ht : DiSQO(Mn) —> R is upper-semicontinuous for n>2. Katok 

[K 1, K 3] has shown that for surfaces, h : Diff2(M ) —• R is 
lower-semicontinuous. By combining these two results, one sees 
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that hXop: Diffoo(M ) —• R is continuous. This result also holds 
for C°° flows on three-dimensional manifolds. 

Misiurewicz [Mi 2] and Margulis (see [Y] for details) also 
proved that A : Diffr(M

n) —• R is not upper-semicontinuous 
in the Cr topology ( r finite) for n>2. Misiurewicz [Mi 2] has 
shown that for general C flows on Mn , k < oo and n > 3, hx 

need not be continuous. It is unknown whether ht : DifFr(Afw) —> 
R is upper-semicontinuous on a residual set for n > 3 , or whether 
h : Diifoo(M

A2) —• R is continuous on a residual set for n > 3 . 

For uniformly hyperbolic dynamical systems (i.e., Axiom-^4 
and Anosov diffeomorphisms and flows), the global orbit structure 
is stable under small perturbations. This easily implies that the 
topological entropy and the metric entropies with respect to natural 
invariant measures such as Liouville measure in the Hamiltonian 
case, Bowen-Ruelle measure for attractors, etc., change Holder 
continuously. 

The aim of this paper is to establish higher regularity results 
for the entropies of uniformly hyperbolic systems. Since the en­
tropies determine, in a profound way, large elements in the global 
orbit picture of the system (see paragraph one), these elements 
change smoothly. We also deduce that the Bowen-Margulis mea­
sure changes smoothly in the weak topology. Our results set the 
stage for identifying some particularly remarkable ("rigid") dy­
namical systems by looking at critical points, extremal values, etc. 
for the entropy functions. In this direction, we obtain convenient 
formulas for the first derivatives for the topological and Liouville 
entropies in the case of geodesic flows on negatively curved man­
ifolds. This enables us to characterize the critical points for the 
topological entropy for negatively curved surfaces. For real ana­
lytic systems, the holomorphic structures associated with the en­
tropies provide new and potentially very useful invariants of the 
orbit structure. 

We state our results for Anosov systems. Those results which 
are not specific to geodesic flows can be extended in a straight­
forward way to the more general case of Axiom-yl systems. To 
simplify notations, we talk about differentiability and analyticity 
along one parameter families, i.e., in the Gateaux sense. In fact, 
all our results carry over to Banach manifolds of maps and yield 
differentiability and analyticity in the Frechet sense. 


