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A common misconception among mathematicians is to think of 
intuitionistic mathematics as "mathematics without the law of the 
excluded middle" (the law asserting that every statement is either 
true or false). From this point of view, intuitionistic mathemat­
ics is a proper subset of ordinary mathematics, and doing your 
mathematics intuitionistically is like doing it with your hands tied 
behind your back. 

Another more realistic viewpoint is to regard intuitionistic logic, 
and the mathematics based on that logic, as the logic of sets with 
some structure, rather than of bare sets. Traditional examples 
are sets growing in time (as in Kripke semantics [9]), or set with 
some recursive structure (as in Kleene's realizability interpretation 
[7]), or sets continuously varying over some fixed parameter space. 
Universes of such sets are perfectly suitable for developing math­
ematics, but one is often forced to use intuitionistic logic. 

This is a small price to pay for the many new phenomena that 
can be observed in such universes: For example, in some such uni­
verses one has a "recursive axiom of choice," which states that for 
any sequence {An}n of nonempty subsets ^ c N there is a recur­
sive choice function ƒ : N —• N selecting an element f(n) from 
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each set; An in particular, any function from the natural num­
bers to itself is recursive. (This property is known as "Church's 
thesis.") In other universes, one can prove "Brouwer's theorem", 
which states that all functions from the reals to the reals are con­
tinuous. And as a third example, there are universes in which one 
can model exactly the arguments of geometers like S. Lie and E. 
Cartan, who used nilpotent infinitesimal numbers in a way incom­
patible with classical logic. (See [8, 10]; caveat: this has nothing to 
do with nonstandard analysis [12], which only deals with invertible 
infinitesimals.) 

In the first half of this century, the interest in intuitionistic logic 
and mathematics was mainly of a philosophical and foundational 
nature. More recently, it has become apparent that intuitionis­
tic logic or some variant thereof is often the right logic to use in 
theories of computing. And intuitionistic logic has been shown 
to be more intimately connected to "mainstream mathematics" 
through the stunning discovery by F. W. Lawvere and M. Tierney 
that Grothendieck's sheaf theory and intuitionistic set theory are 
essentially the same thing. 

I should mention one aspect of the correspondence between 
sheaves and logic in more detail. Let C be a category equipped 
with the notion of "covering families" (for example, C may be the 
poset of open subsets of a fixed topological space, viewed as a cat­
egory, with the usual notion of covering families). Grothendieck 
associates with such data the category Sh(C) of sheaves on C. 
This category is a model for intuitionistic set theory, and the truth 
of set-theoretic formulas in this model can be described in terms of 
a forcing relation C Ih <p(x{, . . . , xn) where cp is such a formula 
and C is an object from C . Traditional models for intuitionistic 
logic, such as those of Kripke [9] and Beth [1] are special cases of 
these general sheaf models, as are Cohen's models for proving the 
independence of the continuum hypothesis [2, 13]. Futhermore, 
one of Verdier's gros topos [5] is a model for "Brouwer's theorem" 
mentioned above, while a "smooth" analogue of the Zariski topos 
models the infinitesimals of Lie and Cartan mentioned above [3, 
11]. Universes of "sets with recursive structure" also fit into this 
context [6]. 

When asked to review the book by Dragalin, I faced the prob­
lem whether to review the original text in Russian or the AMS 
translation. Not that I am able to read Russian, but most of the 
developments concerning intuitionism and sheaves did not become 


