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In a lecture some years ago, Henry McKean remarked that the 
theory of differential equations really amounts to finding an invert-
ible transformation y = h(x) under which the (nonlinear) system 

(i) § = /(*) 
becomes 

(2a) T t = l , 

or (almost as good): 

(2b) ^ = x. 

Of course, the problems are that the transformation h may not ex­
ist and, even when it does, it will be itself nonlinear and can rarely 
be found explicitly. Hence the great excitement about "soliton" 
equations: classes of nonlinear partial differential equations for 
which h can be constructed (more or less) explicitly and which 
are therefore completely integrable. Generally, one can at best 
hope to approximate h locally: in the neighborhood of a partic­
ular solution of (1), usually a fixed point. Such methods are the 
topic of this book, a recent translation and expansion of the 1979 
Russian original. 

To introduce the basic ideas, suppose that ( 1 ) can be written 

(3) x = Ax + F(x), 

where F = &{\x\2) is nonlinear and we have assumed that the 
vector field vanishes at x = 0 (a fixed point). We can also assume 
that A has been diagonalized or put into Jordan form by a simi­
larity transformation. One seeks a near identity transformation 

(4) x = y + H(y) 

defined on a neighborhood of 0. Under (4), (3) becomes 

y = [I + DH(y)]-l[A(h + H(y)) + F(y + H(y))]. 
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Now suppose that 

oo oo 

k=2 k=2 

can be expressed as (convergent) power series, each term, Fk and 
Hk being a homogeneous polynomial of order k , and expand (5) 
to obtain 

(6) y = Ay + AH2(y) - DH2(y)Ay + F2(y) + &(\y\3). 

One now tries to choose H2 so that the <?{\y\ ) terms of (6) all 
vanish. The Lie bracket of the vector fields [Ay, H2(y)] deter­
mines how completely this may be done, and also determines how 
the third and higher-order terms are modified. Iterating the pro­
cedure, we eventually arrive at the transformed equation 

K 

(7) z = Az + J2Gk(z)+R(z)> 
k=2 

where the remainder is "small", (&(\z\ + ) . At each stage one 
removes as many terms as possible. In principle, K can be taken 
to infinity. The system (7) is said to be in normal form and it is 
simpler to study than the original problem. 

Ideally, one wants to remove all nonlinear terms {Gk = 0, Vfc), 
but this is generally impossible even when the linear part is non-
degenerate ( A has no eigenvalues with zero real apart). However, 
one can usually choose the Hk so that many of the coefficients in 
each Gk are zero. One then studies the truncated normal form 
((7) with R(z) removed), attempting to characterize its phase por­
traits, and tries to prove that restoration of R(z) does not change 
the behavior in some qualitative sense. In this procedure there 
are two steps: ( 1 ) construction of a formal power series for H, 
and (2) proof that this series converges near 0 and that the trun­
cated system (7) indeed determines behavior. The idea goes back 
to Poincaré [7] and even earlier, and many people, including the 
author of this book, have made contributions to the theory. 


