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Determinantal varieties were considered for the first time in the 
nineteenth century in connection with the first and second funda­
mental theorem of invariant theory. 

Let us consider a vector space F of dimension r over a field 
k . Let Z denote the space of (ra + n)-tuples 

[X , Ç,) ?= (X{ , . . . , Xm , Cj ? • • • ? in) 

of m vectors and n covectors (i.e., xi; e F, <J. e F*). We con­
sider the natural action of the group GL(r) of linear automor­
phisms of F on Z . Then the first fundamental theorem of invari­
ant theory says that the ring of GL(r)-invariant polynomial func­
tions on X is generated by natural invariants Xi-(x, Ç) = £• (.*,•) 
for 1 < i < m, 1 < j < n. The second fundamental theorem 
describes the ideal of relations between X-. 's. It is generated by 
the r + 1-order minors of the m x n matrix X = ( X ) . 

It turned out later that the ideals generated by minors of a ma­
trix appear naturally in algebraic geometry. For example, the sin­
gular locus of a variety is "naturally" defined by the vanishing of 
minors of the proper order of the Jacobian matrix. 

Ideals of this type were studied systematically for the last thirty 
years from an algebraic point of view. Let B be a commuta­
tive ring, X — (X ) be the m x n matrix of indeterminates 
over B. Then the determinantal ring is the factor ring Rt(X) = 
B[X]/I{(X), where B[X] is the ring of polynomials in indetermi­
nates Xtj with coefficients in B , and It(X) is the ideal in B[X] 
generated by the minors of order t of the matrix X . 

The investigation of such rings became one of the central topics 
in commutative algebra. This research retained its importance for 
invariant theory since the action of GL(r) described above is one 
of very few classical actions for which the ring of invariants can be 
described explicitly. It became a rule that theorems proved about 
rings of invariants were first proved for determinantal varieties. 
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The first class of determinantal ideals for which deep results 
were proved was the maximal minors, i.e., the ideals It(X) for t = 
min(m, h). Eagon and Northcott in [E-N] constructed the explicit 
free resolution of the ideals It(X) in this case. This construction 
allowed one to conclude that if B is a field, then the ideal It{X) 
is perfect; i.e., its codimension equals the homological dimension 
of Rt(X) as a 5[X]-module. Both numbers equal m - n + 1, if 
we assume that m > n . The class of perfect ideals is an important 
one since if I is an ideal in a polynomial ring, then I is perfect 
if and only if T/I is Cohen-Macaulay. 

It took much longer to prove that if B is a field then all deter­
minantal ideals are perfect. This was achieved by Hochster and 
Eagon in [H-E]. Their method consisted of constructing a big lat­
tice of ideals containing the determinantal varieties and proving by 
induction the perfection of all ideals in the lattice. The construc­
tion of the lattice was suggested by invariant theory. This theorem 
was one of the clues for Hochster and Roberts in their proof of 
Cohen-Macaulayness of all rings of invariants of a reductive group 
acting on a nonsingular variety. 

The new period in the development of the theory started with 
the attempts to develop characteristic free invariant theory, and to 
construct a finite free resolution of the rings Rt(X) for general t. 
It turned out that the representation theory of the general linear 
group is a powerful tool that can be used. In the fundamental 
paper [DC-E-P 1 ] the authors used representation theory to find the 
primary decompositions of powers of determinantal varieties over 
a field of characteristic zero. The same authors also developed in 
[DC-E-P 2] a new method of proving perfectness of determinantal 
varieties—the method of algebras with straightening law. 

It consists of deforming the determinantal ideal to the associ­
ated ideal generated by monomials (to get this ideal we can pick 
the leading monomial in lexicographic order in each minor) and 
thus reducing the proof of perfectness of a determinantal ideal to 
the perfectness of the ideal generated by monomials. For the ide­
als generated by monomials the criteria of perfectness were already 
worked out by Reisner and Stanley. 

This method is very important since it is applicable to a larger 
class of varieties: Schubert varieties, varieties of complexes, etc. It 
also allows one to describe the Hubert function of the rings Rt(X). 


