
BULLETIN (New Series) OF THE 
AMERICAN MATHEMATICAL SOCIETY 
Volume 23, Number 1, July 1990 

NOTES ON INVARIANT SUBSPACES 

HARI BERCOVICI 

ABSTRACT. The main purpose of this article is to give an ap­
proach to the recent invariant subspace theorem of Brown, 
Chevreau and Pearcy: Every contraction on a Hubert space, 
whose spectrum contains the unit circle has nontrivial invari­
ant subspaces. Our proof incorporates several of the recent 
ideas tying together function theory and operator theory. 

1. I N T R O D U C T I O N 

The Jordan structure theorem for finite matrices has been known 
now for over one hundred years, and its usefulness can hardly be 
overstated. It says that every square matrix A over the complex 
numbers C is similar to another matrix B (i.e., B = XAX~l for 
some invertible matrix X) which is a direct sum of Jordan cells. 
That is, B can be written in block form 

\BX 0 ••• 0 ] 

B=\° B* '" ° 
[o 0 ... Bk\ 

and each Bt has the form 

[A, 
0 
0 

[o 

1 
*i 
0 

0 

0 •• 
1 •• 

h •• 

0 •• 

01 
0 
0 

*J 
for some kt e C. The numbers {Xx, X2, . . . , Xk} can be identified 
as the spectrum, or set of eigenvalues of A, 

{Xx, À2,..., Xk} = {X e C: det(/l/ - A) = 0} 

= {X e C: XI - A is not invertible}. 
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One can regard A as a linear operator on the finite-dimensional 
space Cn , and then the Jordan theorem says that Cn can be writ­
ten as a direct sum 

(ƒ = Jtx + ^t2 + ' ' ' + ^k 

of subspaces such that 
(i) each Jfi is invariant for A, i.e., AJtt c ^ ; and 
(ii) the restriction A\Jtt acts like a Jordan cell. 
One particular consequence of this result is that, for n > 2, 

A has nontrivial invariant subspaces (nontrivial means different 
from {0} and Cn). 

The search for an analogue of Jordan's theorem for linear op­
erators on infinite-dimensional spaces has led to many interesting 
developments and, in particular, to an awareness of the fact that 
in the infinite-dimensional case there is a much greater variety 
of linear operators. In particular, there are few meaningful ques­
tions that one may ask about arbitrary linear operators, with any 
hope of ever answering them. One such question is the invariant 
subspace problem which we now formulate. Let %? denote an 
infinite-dimensional complex Hilbert space, and write 2f{^) for 
the space of all continuous linear operators T: & —• &. A sub-
space of W is by definition a closed linear manifold in JT. A 
subspace Jt c ^ is nontrivial if J? ^ {0} and Jt =£ %? ; ^# is 
said to be invariant for T e 2>{%p) if TJ£ c Jl. 

1.1. Problem. Does every operator T € Sf(%?) have a nontrivial 
invariant subspace? 

One should emphasize the fact that merely knowing the answer 
to this problem for a given operator T does not give us nearly 
as much information as the Jordan theorem provides in the finite-
dimensional case. Nevertheless, the search for nontrivial invariant 
subspaces usually leads to more information about the given oper­
ator. 

Many methods have been devised for answering the invariant 
subspace problem, and we will see several of them in this arti­
cle. I would like to start by giving some basic examples which 
show that under certain circumstances one can find more invari­
ant subspaces than expected. For the following discussions we 
need to recall that an invariant subspace Jf for an operator T 
is said to be reducing for T if the orthogonal complement of Jf 
is also invariant for T. Mostly everybody who took a functional 
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analysis course must have heard of one of the great success sto­
ries in invariant subspace history: the spectral theorem for normal 
operators (recall that T is normal if T*T = TT*). The spec­
tral theorem provides a large supply of reducing subspaces such 
that the normal operator can in fact be constructed if we know 
these reducing subspaces. Let us focus on a very particular class 
of normal operators: the diagonal ones. Thus, assume that %? is 
separable and has an orthonormal basis {e{, e2, . . . } . Given a 
bounded sequence w = {w{, w2, . . . } of complex numbers, one 
can construct an operator Tw on %? such that 

Twej = wjej> 7 = 1 , 2 , . . . . 

Such an operator is called a diagonal operator (with diagonal w). 
The reducing subspaces of Tw are easy to determine if the w. are 
distinct: given a subset A of { 1 , 2 , 3 , . . . } consider the subspace 
JtA generated by {e.\ j G A}. Then J!A is reducing, and all 
reducing subspaces of Tw have this form (exercise!). Wermer [17] 
gave an example showing that Tw may have nonreducing invariant 
subspaces, and we would like to consider a closely related example 
here. 

1.2. Theorem. Set wn = exp(- l /n 1 / 2 + in1'2). Then Tw has 
nonreducing invariant subspaces, but T~{ does not. 

Our proof of this theorem will be closer to the approach of 
Brown, Shields and Zeiler [6] than to Wermer's original proof. We 
need a few preliminary facts. Recall that a subset A of a complex 
Banach space 3? is absolutely convex if ax + fiy e A whenever 
x,yeA,a, p eC, and |a| + \p\ < 1. 

1.3. Lemma. Let 3? be a Banach space, and let {xn}^Lx be a 
sequence in 8? whose closed absolutely convex hull is the unit ball 
of 3?. For every x € 8? and every e > 0 there exist scalars 

{a*Kiti c c such that 
oo oo 

J2\an\<WXW+e and X = J2anXn-

Proof. If x = 0 we can take an = 0 for all n. If x ^ 0 then 
JC/||JC|| is in the unit ball of Sf, so there exist scalars fineC, all 
zero except finitely many, such that J2^L\ l /y < 1, a n d 

II °° II 
\\_X y ^ 8 

IWI h \\<2^m 



4 HARI BERCOVICI 

Setting a™ = fiH\\x\\, we have £ " i \a^\ < \\x\\ and 
oo I 

E (l) 
anXn\ 

«=1 

e 

( 1 ) , Repeating this procedure with x - Y*n=\ an xn m place of x, we 
find al2) G C such that 

K (2)| E (l) 

«=1 

e and 

(2) * " X X Xn~J2an X„ 

n=\ n=\ 

e 
<4-

(k) 
This process can be continued inductively to yield ^ ' Ê C such 

J*) fc-i that E7=iK ' l<« / 2 and 

t/), 

The reader will verify without difficulty that the numbers an = 

]C^i an satisfy the requirements of the lemma. Q.E.D. 

Let us denote by D the unit disc in C (D = {A e C: |A| < 1}), 
and write H°° for the Banach algebra of all bounded analytic 
functions in D (with the sup norm). A subset A c D is said to be 
dominating [15] if sup{|w(A)|: A e A} = ||w||00(= sup{|w(A)|: A G 
D}) for every u e H°° . Let us recall that every function u e H°° 
has nontangential limits u(Q for almost every Ç in the unit circle 
T = {C:|C| = l} ,and 

111111̂  = ess sup{|«(C)|:C€T}. 

It follows immediately that a set A is dominating if almost every 
point in T is a nontangential limit of A. (The converse is also 
true; cf. [6].) 

1/2 M*\ 1.4. Lemma. The set {wn}n=l, where wn = exp(- l /« ' +in ' ), 
is dominating. 

We leave the proof of this lemma as an exercise, but the follow­
ing picture tells almost all the story. 

We will need now a basic fact about the space H°° : it is (iso-
metrically isomorphic to) the dual of a Banach space. One can 
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exp(in1/2) J 

C /r~~"—""" " ™n 

exp(/(/i 4- l)1/2) i ^ V 

FIGURE 1 

see this in many different ways—one is to realize that H°° is 
closed in the weak* topology of L°°(D). Weak*-convergence of 
sequences in H°° is easy to describe as bounded pointwise con­
vergence. A sequence un e H°° converges weak * to zero if and 
only if sup„ \\un\\ < oo and un(k) -+ 0 for every A e D . Using 
this convergence one can describe a space whose dual is H°° . Let 
%? denote the space of all linear functionals (p in the dual of H°° 
such that (p{un) —• 0 whenever un e H°° and un —• 0 weak*. 
Then the dual <%?* is identified naturally with H°° in the follow­
ing way. For every continuous functional O o n / there exists u 
in H°° such that 

®((p) = (p(u)9 ye^. 

For each 2 e D one can consider the functional Ĥ  G j2* defined 
by 

g,
x(u) = u{X)9 ueH°°. 

1.5. Lemma. If A c D is dominating then the absolutely convex 
hull of {<§̂  : X e A} is dense in the unit ball of Sf. 
Proof. If the conclusion were false we can find (by the Hahn-
Banach theorem) a function u e H°° such that 

sup{|w(A)| : X e A} = sup{|^A(w)| : À e A} 

<sup{\cp(u)\:(pe^,\\(p\\<l} = \\u\\00. 

This contradicts the assumption that A is dominating. Q.E.D. 

We are now ready to prove the first part of Theorem 1.2. 
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1.6. Lemma. The operator Tw in Theorem 1.2 has nonreducing 
invariant subspaces. 
Proof. By Lemmas 1.4 and 1.5, the absolutely convex hull of 
{& : n = 1, 2, . . .} is the unit ball of $?. Lemma 1.3 implies 

n 

that we can find scalars {otn}™=x such that Y^\ \a
n\

 < °° anc* 

TZi an^wn = % • D e f i n e v e c t o r s x,ye^by x = E ^ i <*lJ2en , 

y = X^li 0LlJ2en and note that we have 

oo 

oo 

= £«**«.(**> 
= r 0 ( / ) = i iffe = o 

= 0 iffc^O. 
((•, •) denotes the scalar product.) Denote by Jf the subspace 
generated by {x, Twx, 7"£.x, . . .} . Then J[ is invariant, y is 
orthogonal to rw^f but not to Jf and hence Tw\Jt is not in­
vertible. Since Tw itself is invertible, we see that Jf is not a 
reducing subspace. Q.E.D. 

We note here that there is nothing special about the sequence 
{wn} except that it is a dominating set. Also note that the full 
power of Lemma 1.3 has not been used in the preceding proof. 
For further motivation of the material to follow, let us state the 
following result whose proof is essentially contained in that of 
Lemma 1.6 (replace ^ by (p). 

1.7. Proposition. For every functional (p e %? and every e > 0 
there exist vectors x j e / such that ||x||||y|| < \\ç>\\ + e and 

<p(u) = (u(TJx, y) 

for every polynomial u. 

One could of course define u(Tw) as the diagonal operator 
u(TwK = u(wnK> n= 1,2,... 

for every u G H°°, and then the conclusion of Proposition 1.7 
would hold for any u e H°° . 

We proceed now to prove the second part of Theorem 1.2. 
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1.8. Lemma. Every invariant subspace of Tw
 l is reducing. 

Proof. Let J? be an invariant subspace for T~ , and fix a natural 
number n . Since w~l is in the unbounded component of 

C\{w~l : m ? n}~ , 

Runge's theorem implies the existence of polynomials pk such that 

-> 1 and Pk(wm
l) —• 0 uniformly in m ^ n . The subspace «•# is 

invariant under Pk{T~x), and hence under the norm limit of these 
operators. This limit is clearly the orthogonal projection Pn onto 
the space generated by en . Thus PnJt c ^ # . We conclude that 
for each n we have either en^J^ or en±.^. Therefore J£ is 
generated by {en : en e *•#} and hence it is reducing. Q.E.D. 

Returning now to the invariant subspace problem, we observe 
again that the existence of invariant subspaces for either Tw or 
T~l is not an issue here—there are lots of them. Nevertheless Tw 

somehow manages to have many more invariant subspaces than 
T~l (the one produced in the proof of Lemma 1.6 is just the tip 
of the iceberg; see [5] for more details). A moment of thought 
reveals two properties of Tw that were essential in the proof: 

( 1 ) Tw "lives" in the unit disc D, whence its special relation­
ship with H°° . 

(2) The spectrum of Tw is "rich"—the eigenvalues accumulate 
at all points of T . 

In some sense one can see that Theorem 1.2 is an ancestor of 
the following result of Brown, Chevreau and Pearcy (see [8, 12, 
and 10] for the original proof). 

1.9. Theorem. Let T be an operator on %? such that 

(i) T is a contraction, i.e., \\T\\ < 1 ; and 
(ii) the spectrum a{T) of T contains the unit circle. 

Then T has nontrivial invariant subspaces. 

The rest of this paper will discuss in detail the proof of this 
theorem, starting essentially from scratch. 

2. PLAN OF THE PROOF 

Throughout this section T will be a fixed contraction on %?, 
whose spectrum contains the unit circle. 


