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NOTES ON INVARIANT SUBSPACES 

HARI BERCOVICI 

ABSTRACT. The main purpose of this article is to give an ap­
proach to the recent invariant subspace theorem of Brown, 
Chevreau and Pearcy: Every contraction on a Hubert space, 
whose spectrum contains the unit circle has nontrivial invari­
ant subspaces. Our proof incorporates several of the recent 
ideas tying together function theory and operator theory. 

1. I N T R O D U C T I O N 

The Jordan structure theorem for finite matrices has been known 
now for over one hundred years, and its usefulness can hardly be 
overstated. It says that every square matrix A over the complex 
numbers C is similar to another matrix B (i.e., B = XAX~l for 
some invertible matrix X) which is a direct sum of Jordan cells. 
That is, B can be written in block form 

\BX 0 ••• 0 ] 

B=\° B* '" ° 
[o 0 ... Bk\ 

and each Bt has the form 
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*J 
for some kt e C. The numbers {Xx, X2, . . . , Xk} can be identified 
as the spectrum, or set of eigenvalues of A, 

{Xx, À2,..., Xk} = {X e C: det(/l/ - A) = 0} 

= {X e C: XI - A is not invertible}. 
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2 HARI BERCOVICI 

One can regard A as a linear operator on the finite-dimensional 
space Cn , and then the Jordan theorem says that Cn can be writ­
ten as a direct sum 

(ƒ = Jtx + ^t2 + ' ' ' + ^k 

of subspaces such that 
(i) each Jfi is invariant for A, i.e., AJtt c ^ ; and 
(ii) the restriction A\Jtt acts like a Jordan cell. 
One particular consequence of this result is that, for n > 2, 

A has nontrivial invariant subspaces (nontrivial means different 
from {0} and Cn). 

The search for an analogue of Jordan's theorem for linear op­
erators on infinite-dimensional spaces has led to many interesting 
developments and, in particular, to an awareness of the fact that 
in the infinite-dimensional case there is a much greater variety 
of linear operators. In particular, there are few meaningful ques­
tions that one may ask about arbitrary linear operators, with any 
hope of ever answering them. One such question is the invariant 
subspace problem which we now formulate. Let %? denote an 
infinite-dimensional complex Hilbert space, and write 2f{^) for 
the space of all continuous linear operators T: & —• &. A sub-
space of W is by definition a closed linear manifold in JT. A 
subspace Jt c ^ is nontrivial if J? ^ {0} and Jt =£ %? ; ^# is 
said to be invariant for T e 2>{%p) if TJ£ c Jl. 

1.1. Problem. Does every operator T € Sf(%?) have a nontrivial 
invariant subspace? 

One should emphasize the fact that merely knowing the answer 
to this problem for a given operator T does not give us nearly 
as much information as the Jordan theorem provides in the finite-
dimensional case. Nevertheless, the search for nontrivial invariant 
subspaces usually leads to more information about the given oper­
ator. 

Many methods have been devised for answering the invariant 
subspace problem, and we will see several of them in this arti­
cle. I would like to start by giving some basic examples which 
show that under certain circumstances one can find more invari­
ant subspaces than expected. For the following discussions we 
need to recall that an invariant subspace Jf for an operator T 
is said to be reducing for T if the orthogonal complement of Jf 
is also invariant for T. Mostly everybody who took a functional 


