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OLD AND NEW CONJECTURED 
DIOPHANTINE INEQUALITIES 

SERGE LANG * 

The original meaning of diophantine problems is to find all so­
lutions of equations in integers or rational numbers, and to give a 
bound for these solutions. One may expand the domain of coef­
ficients and solutions to include algebraic integers, algebraic num­
bers, polynomials, rational functions, or algebraic functions. In 
the case of polynomial solutions, one tries to bound their degrees. 
Inequalities concerning the size of solutions of diophantine prob­
lems are called diophantine inequalities. 

During the past few years, new insights have been gained in old 
problems combined with new ones, and great coherence has been 
achieved in understanding a number of diophantine inequalities. 
Some of these results, notably the first section, can be formulated 
in very simple terms, almost at the level of high school algebra. 
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I shall give a survey starting with these formulations, and ending 
with more sophisticated applications to elliptic curves. But I have 
made an attempt to have this article readable by a fairly broad 
audience by giving basic definitions, and limiting myself to the 
rational numbers whenever possible. 

1. The abc conjecture. This conjecture evolved from the insights 
of Mason [Ma], Frey [Fr], Szpiro, and others. Mason started one 
recent trend of thoughts by discovering an entirely new relation 
among polynomials, in a very original work, as follows. Let f(t) 
be a polynomial with coefficients in an algebraically closed field of 
characteristic 0. We define 

n0(f) = number of distinct zeros of ƒ . 

Thus nQ(f) counts the zeros of ƒ by giving each of them multi­
plicity one. 

Mason's theorem. Let a(t), b(t), c(t) be relatively prime polyno­
mials such that a + b = c. Then 

maxdeg{<z, b, c} ^ nQ(abc) - 1. 

In the statement of Mason's theorem, observe that it does not 
matter whether we assume a, b, c relatively prime in pairs, or 
without common prime factor for a, b, c. These two possible 
assumptions are equivalent by the equation a + b = c. Also the 
statement is symmetric in a, b, c and we could have rewritten 
the equation in the form a + b + c = 0. 

Mason's theorem is a theorem, not a conjecture, and can be 
proved as follows. Dividing by c, and letting ƒ = a/c, g = b/c, 
we have 

ƒ + < ? = ! 
where ƒ, g are rational functions. Differentiating we get 
which we rewrite as 

so that 
b = g^ f If 
a f g'I g ' 

If J? is a rational function, R{t) = \[{t - p^f' with qteZ, then 

R>/R = Y_?L-
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and the multiplicities disappear. Suppose 

a(t) = n ( ' - " / ) m ' > b{t) = Uit-PjP , c(t) = U(t-yJk. 

Then 
b_ = //ƒ = El^-Eiz^ 

8/8 2^ ?-£ ~ 2^ t-yk 

A common denominator for f j ƒ and g'/S" *s g i y e n by the prod­
uct 

tfo = I I ( ' - a i > I I ( ' - ^ ) I I ( ' - 7 * ) ' 
whose degree is n0(abc). Observe that N0//f and N0g'/g are 
both polynomials of degrees at most n0(abc) - 1. From the rela­
tion 

Û #0*7* 
and the fact that a, b are assumed relatively prime we deduce the 
inequality in Mason's theorem. 

As an application let us prove Fermat's theorem for polyno­
mials. Thus let x(t), y(t), z(t) be relatively prime polynomials 
such that one of them has degree ^ 1, and such that 

x(t)n+y(t)n = z(t)\ 

We want to prove that n ^ 2 . By Mason's theorem, we get 

degjt(0" ^ degx(f) + deg}/(0 + degz(r) - 1 

and similarly replacing x by y and z on the left-hand side. 
Adding, we find 

n(degx + degy + degz) < 3(degx-fdegy H-degz) - 3. 

This yields a contradiction if n ^ 3 . 
Influenced by Mason's theorem, and considerations of Szpiro 

and Frey which we shall describe below, Masser and Oesterle for­
mulated the abc conjecture for integers as follows. Let A: be a 
non-zero integer. Define the radical of k to be 

P\k 

i.e. the product of the distinct primes dividing k. There is a 
classical analogy between polynomials and integers. Under that 
analogy, nQ of a polynomial corresponds to log NQ of an integer. 
Thus for polynomials we had an inequality formulated additively, 
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whereas for integers we formulate the corresponding inequality 
multiplicatively. Note that if x, y are nonzero integers, then 

N0(xy)<N0(x)N0(y), 

and if x, y are relatively prime, then 

N0(xy) = N0(x)N0(y). 

The abc conjecture. Given e > 0 there exists a 
number C(e) having the following property. For 
any nonzero relatively prime integers a, b, c such 
that a + b = c we have 

max(|a|, \b\, \c\) ^ C{e)N0{abc)l+e. 

Unlike the polynomial case, it is necessary to have the e in 
the formulation of the conjecture, and the constant C(e) on the 
right-hand side. To simplify notation in dealing with the possible 
presence of such constants, if A, B are positive functions, we 
write 

to mean that there exists a constant C > 0 such that A ^ CB. 
Thus A < B means that A = 0(B) in the big oh notation. We 
write 

to mean A = O(B) and B = 0(A). In case the functions A, B 
depend on a parameter e, the constant C also depends on e. 

The conjecture implies that many prime factors of abc occur 
to the first power, and that if some primes occur to high powers, 
then they have to be compensated by "large" primes, or many 
primes, occurring to the first power. Readers interested in seeing 
immediately the application to the Fermât problem and similar 
problems should skip the following remarks, having to do with the 
equation 2n ± 1 = k. For n large, the abc conjecture would 
state that k is divisible by large primes to the first power or many 
primes to the first power. This phenomenon can be seen on the 
tables of [BLSTW]. The simplest examples showing the need for 
the constant C(e) in the abc conjecture were communicated to 
me by Wojtek Jastrzebowski and Dan Spielman as follows. We 
want to show that there is no constant C > 0 such that 

max(|a|, |&|, \c\) <: CNQ(abc). 
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Writing 3 = 1 + 2, we find by induction that 

2"|(32 W-1). 

We consider the relations an + bn= cn given by 
2" 

3 - 1 = c . 
n 

Then 

so there is no constant C such that cn ^ 3CN0(cn). Other ex­
amples can be constructed similarly since the role of 3 and 2 can 
be played by other integers: instead of 2 we use a prime p, and 
instead of 3 we use an integer = 1 mod p . 

In line with these examples, we now show that the abc conjec­
ture implies a classical conjecture: 

There are infinitely many primes p such that 

2p~l ï 1 mod/?2. 

We follow Silverman [Si]. First a remark. Let S be the set of 
primes such that 

2P~ ^ 1 mod p . 

We claim that if n is a positive integer, and p is a prime such 
that 2n = 1 mod p but 2n ^ 1 mod p2, then p is in S. Indeed, 
let d be the period of 2 in the multiplicative group (Z/pZ)* of 
units in Z/pZ, which has order p - 1. Then d divides p - 1 and 
also divides n. Furthermore 2n = 1 mod p but 2n ^ 1 mod p2 

implies 2 ^ 1 mod p2 . Hence 2p~l ^ 1 mod p2, as one sees by 
writing p - 1 = dm, with m prime to /?, and 2 —\-\-pk with 
/: prime to /?. Then 

2P~ = 1 +pmk ^ 1 modp , 

so /? is in 5 as claimed. 
Now suppose that 5 is finite. Write 

2" " ! = W 
where ww is the product of primes in S, and all primes dividing 
vn are not in S. Then un is bounded. If p\vn then by the claim, 
p2 divides 2n - 1, so p2 divides vn. By the abc conjecture 
applied to the equation 

( 2 " - l ) + l =2n 

file://�/-/-pk
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we conclude that 
_ / 1/2, l+e ^ (l+£)/2 

UnVn « («W ) < *>i 
whence vw is bounded, a contradiction. 

Actually, in line with Lang-Trotter conjectures, the probability 
that 2p~l = 1 + pk(modp2) with a fixed residue class k modp 
should be 0(1//?), so the number of primes p ^ x such that 
2p~l = 1 mod p 2 should be 

O(loglogx). 

Thus most primes should have the property that 2P~ ^ 1 mod p . 
We now pass to the application of the abc conjecture to var­

ious diophantine equations. In the case of polynomials, we got 
an explicit bound for the degree of Fermat's equation satisfied by 
polynomials which are not all constant. Since there is an unknown 
constant C(e) floating around in the abc conjecture, we shall get 
only an unknown bound for the classical case of Fermat's equation 
over the integers. Thus we define the asymptotic Fermât problem 
to state that there exists an integer nx such that for all n^nx the 
equation 

n , n n 

x + y = z 
has only a trivial solution in integers, that is with one of x, y, z 
equal to 0. Of course, for the asymptotic Fermât problem as well 
as the ordinary one, we may and do assume that x, y, z are rel­
atively prime. 

The abc conjecture implies the asymptotic Fermât problem. 

Indeed, suppose xn + yn = zn with x, y, z relatively prime. 
By the abc conjecture, we have 

\x I < \xyz\ 

\y I < \xyA 

Taking the product yields 

z | < \xyz\ . 

\xyz\n < \xyz\ + e , 

whence for \xyz\ > 1 we get n bounded. The extent to which the 
abc conjecture is proved with an explicit constant C(e) (or say 
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C(l) to fix ideas) yields the corresponding explicit determination 
of the bound for n in the application. 

We shall now see how the abc conjecture implies other conjec­
tures by Hall, Szpiro, and Lang- Waldschmidt, 

Hall's original conjecture is that if u,v are rela­
tively 
then 
tively prime nonzero integers such that u - v ^ 0 

, 3 2, ^ , ,1/2—e 
\U - V I > \U\ 

Note that Hall's conjecture describes how small \u3 - v2\ can be, 
and the answer is not too small, as described by the right-hand 
side. Furthermore, if \u3 - v2\ is small, then \u3\ X v2 so 
M X \u\3^2. The Hall conjecture can also be interpreted as 
giving a bound for integral relatively prime solutions of 

2 3 

v = u + b with integral b. 
Then we find 

| w | < | è | 2 + e . 

More generally, as in Lang-Waldschmidt [La3], p. 212, let us fix 
nonzero integers A, B and let u, v, k, m, n be variable, with 
u, v relatively prime and mn > m + n . Put 

Aum + Bvn = k. 

By the abc conjecture, we get 
,1+e 

\u\m < \uvN0(k)\l 

\v\n < \uvNQ(k)\ 1+e 

If, say, \Aum\ <: \Bvn\ then \u\ < \v\n/m . We substitute this 
estimate for u to get an inequality entirely in terms of v , namely 

We first bring all powers of v to the left-hand side. We have 

n mn - (m + n) 
n- 1 -

m m 
actually the original conjecture does not make the assumption that u, v are 

3 2 

relatively prime, only that u -v ^ 0 . The original conjecture also follows from 
the abc conjecture by extracting a common factor, and using the same method as 
that indicated below. We make the relatively prime assumption to avoid secondary 
technical complications, and we leave the proof in general to the reader. 


