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OLD AND NEW CONJECTURED 
DIOPHANTINE INEQUALITIES 

SERGE LANG * 

The original meaning of diophantine problems is to find all so­
lutions of equations in integers or rational numbers, and to give a 
bound for these solutions. One may expand the domain of coef­
ficients and solutions to include algebraic integers, algebraic num­
bers, polynomials, rational functions, or algebraic functions. In 
the case of polynomial solutions, one tries to bound their degrees. 
Inequalities concerning the size of solutions of diophantine prob­
lems are called diophantine inequalities. 

During the past few years, new insights have been gained in old 
problems combined with new ones, and great coherence has been 
achieved in understanding a number of diophantine inequalities. 
Some of these results, notably the first section, can be formulated 
in very simple terms, almost at the level of high school algebra. 

Received by the editors July 24, 1989. 
1980 Mathematics Subject Classification (1985 Revision). Primary 11D41, 

11D75, 11G05, 11G30. 
* Supported by NSF grant, but...: In 1981 the Yale administration turned down 

the NSF grant to me as principal investigator because I would not sign effort re­
ports. (However the math dept. at Yale passed a resolution to return all effort 
reports unsigned to the administration, and the Yale administration did nothing 
about other people's grants.) I was without a grant for 4 years. Then I reapplied 
for some items (such as travel expenses) in 1985, via someone else's grant, but I 
have not reapplied for summer salary support since 1981, and have therefore been 
without such support since. The fact that I am listed by the NSF as being "sup­
ported" by the NSF has given rise to misunderstandings concerning the nature of 
the support I received this last decade, whence it is important to specify the nature 
of such support. In addition, I find that the shortage of funds affecting the NSF 
makes it impossible for them to fulfill properly their funding role by following past 
policies on the allocation of funds. Over the last few years I have found that on 
the whole, for each person getting a grant, there are several others equally qualified 
who have been dropped, thus causing chaos in the granting process, and serious 
misinterpretations as to its implications by university administrators. It is demor­
alizing for the younger generation of mathematicians when getting a grant becomes 
a crap-shoot, particularly when university administrators often interpret not having 
NSF support as making someone unsuitable for tenuring or promoting. As a result 
of all these factors (plus renewed bureaucratic pressures), I have decided not to 
apply for any further NSF support in any form whatsoever starting next year. 

©1990 American Mathematical Society 
0273-0979/90 $1.00+ $.25 per page 

37 



38 SERGE LANG 

I shall give a survey starting with these formulations, and ending 
with more sophisticated applications to elliptic curves. But I have 
made an attempt to have this article readable by a fairly broad 
audience by giving basic definitions, and limiting myself to the 
rational numbers whenever possible. 

1. The abc conjecture. This conjecture evolved from the insights 
of Mason [Ma], Frey [Fr], Szpiro, and others. Mason started one 
recent trend of thoughts by discovering an entirely new relation 
among polynomials, in a very original work, as follows. Let f(t) 
be a polynomial with coefficients in an algebraically closed field of 
characteristic 0. We define 

n0(f) = number of distinct zeros of ƒ . 

Thus nQ(f) counts the zeros of ƒ by giving each of them multi­
plicity one. 

Mason's theorem. Let a(t), b(t), c(t) be relatively prime polyno­
mials such that a + b = c. Then 

maxdeg{<z, b, c} ^ nQ(abc) - 1. 

In the statement of Mason's theorem, observe that it does not 
matter whether we assume a, b, c relatively prime in pairs, or 
without common prime factor for a, b, c. These two possible 
assumptions are equivalent by the equation a + b = c. Also the 
statement is symmetric in a, b, c and we could have rewritten 
the equation in the form a + b + c = 0. 

Mason's theorem is a theorem, not a conjecture, and can be 
proved as follows. Dividing by c, and letting ƒ = a/c, g = b/c, 
we have 

ƒ + < ? = ! 
where ƒ, g are rational functions. Differentiating we get 
which we rewrite as 

so that 
b = g^ f If 
a f g'I g ' 

If J? is a rational function, R{t) = \[{t - p^f' with qteZ, then 

R>/R = Y_?L-


