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SPLITTINGS OF SURFACES 

RICHARD K. SKORA 

Let F be a compact 2-manifold without boundary and with 
Euler characteristic x{F) < 0. Only for convenience endow F 
with a fixed hyperbolic structure, i.e., a discrete, faithful represen­
tation of the fundamental group nxF into the space of isometries 
of hyperbolic 2-space. Teichmüller space, ^(F), is the space of 
all hyperbolic structures on F divided out by conjugation. W. P. 
Thurston [Thl] showed that ^(F) admits a compactification as 
a ball of dimension - 3 # (F) . There is a natural identification of 
the interior of the ball with ^{F) and the boundary of the ball 
with the space of projective measured geodesic laminations on F 
(defined below). 

J. W. Morgan and P. B. Shalen [MSI, Mo] considered a more 
general problem. Let T be a finitely generated, nonvirtually Abeli-
an group and let 3n = 3r(T, lsom(Hn)) be the space of discrete, 
faithful representations of F into the group of isometries of hy­
perbolic rc-space divided out by conjugation. They showed that 
3tn admits a compactification 3fn where each point of 2n - 2n 

corresponds to a small action of t on an R-tree. When T = nxF 
and n = 2, they too show that their boundary 3Jn -2^n is homeo-
morphic to the space of projective measured geodesic laminations 
on F. 

An R-tree is a metric space (T, d), such that any two distinct 
points are joined by a unique arc and every arc is isometric to an 
interval in R. It is understood that if a group acts on an R-tree, 
then it acts by isometries and there is no invariant, proper subtree. 
An action is small if the stabilizer of each arc does not contain a 
free group of rank two. 

The above results motivate studying small actions of T on R-
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trees. When r = n{F, we completely characterize small actions 
and answer a question from [Sh]. Recall that the only small sub­
groups of nxF are cyclic groups. Here is our main theorem (defi­
nitions follow immediately). It has a generalization for a compact 
2-manifold with boundary. 

Theorem. Let n{F x T —• T be an action on an R-tree. Then 
nxF x T -* T is dual to a measured geodesic lamination if and 
only if the stabilizer of each arc is cyclic. 

A geodesic lamination £? is a closed subset of F, such that 
each path component is a simple geodesic. A geodesic lamination 
is discrete if it is a finite union of simple closed geodesies. Say an 
arc in F is transverse to J ? if its endpoints lie on the complement 
of J ? and it is transverse locally. A transverse measure // is a 
function from the set of transverse arcs to the set [0, +oo), such 
that (i) /u(y + / ) = p(y) + ju(y') ; and (ii) ju(y) = ju(yf), whenever 
y, y' differ by a 1-parameter family of transverse arcs. One may 
think of a transverse measure on a discrete geodesic lamination 
as simply an assignment of weights to each geodesic. The set of 
measured discrete geodesic laminations is dense in the space of 
measured geodesic laminations [Thl]. 

Let H -> F be the universal covering. Given a measured 
geodesic lamination ( J? , /i) in F its preimage in H2 is ( J? , ju). 
Say the action n{F x T —• T is dual to ( J? , fi) if there is an 

equivariant, locally constant map p : H2 - 3? —• T, such that 
ju(y) = d(p(y(0)), p(y(l))), for every transverse arc y: [0, 1] -» 
H meeting each path component of J ? at most once. 

Morgan and J.-P. Otal [MO] proved the above theorem under 
an additional geometric hypothesis (cp. [Sk]). And H. Gillet and 
P. B. Shalen [GS] proved it under the additional hypothesis that 
the action has rank equal to 1 or 2 . 

The techniques of J. Stallings [MSI] prove the theorem when 
the R-tree is a simplicial tree. In this case it has the following 
interpretation. The Bass-Serre theory [Se] implies that the action 
on the simplicial tree gives a splitting of nxF, e.g., a free product 
with amalgamation or HNN-extension. And the lamination which 
will be discrete is called a splitting of F . 

1. DEGENERATIONS OF HYPERBOLIC STRUCTURES ON SURFACES 

Let p e 2n = Sf{nxF, lsom(Hn)). Define its length function 
I: nxF —• R by 1(g) = mfxeHnd(x9 p(g)(x)). Now form the 


