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HEEGAARD SURFACES IN HAKEN 3-MANIFOLDS 

KLAUS JOHANNSON 

The purpose of this note is to announce, for the case of Haken 
3-manifolds, a complete solution of Waldhausen's conjecture con­
cerning finiteness for Heegaard surfaces. 

It is a classical result due to Moise [Moi] that all compact (ori­
entable) 3-manifolds N have finite triangulations. Closely related 
to triangulations are Heegaard graphs, i.e., those finite, possibly 
disconnected, graphs r in N with TndN = dT and the 
property that (JV- UÇT))~~ is a handlebody (here £/(..) denotes 
the regular neighborhood in N). Indeed, the 1-skeleton of any 
triangulation of N is a Heegaard graph—but of course not vice 
versa. A surface F in N is a Heegaard surface, provided there 
is a Heegaard graph r in JV such that F is isotopic in N to 
dU(T\JdN)-dN.If F is a Heegaard surface, the pair (N, F) 
is called a Heegaard splitting for TV. Heegaard splittings are inde­
pendent of triangulations, and yet closely connected to them.This 
suggests we should use them for a classification of 3-manifolds. 
In this context Reidemeister [Re] and Singer [Si] showed that the 
existence of a common subdivision for any two triangulations im­
plies that Heegaard surfaces in 3-manifolds are stably isotopic, i.e., 
isotopic modulo finite connected sums with the standard torus in 
S . Based on this observation, Waldhausen [Wal] proved that any 
two Heegaard surfaces of S3 are isotopic iff they have the same 
genus. Using different methods, this result has been extended to 
Heegaard surfaces of lens spaces [Bo, BO] and minimal (see be­
low) Heegaard surfaces of the 3-torus [FH]. However, in [BGM] 
explicit examples of irreducible 3-manifolds are constructed with 
at least two nonhomeomorphic Heegaard splittings. In fact, it is 
now clear [BRZ] that uniqueness of Heegaard surfaces fails dras­
tically and is a rather special phenomenon for 3-manifolds. In 
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this context Waldhausen raised in 1978 the following problem for 
closed 3-manifolds N : 

Waldhausen Conjecture. [Wa2] Show that N has only finitely many 
isomorphism classes (or even isotopy classes) of minimal Heegaard 
splittings. 

Given any of these, give a procedure to obtain the others. 

Here a Heegaard splitting (M, S) is called minimal if the Euler 
characteristic of S is as large as possible, and it is called irre­
ducible if it cannot be obtained from some other Heegaard splitting 
by adding a trivial 1-handle (= connected sum with the standard 
torus in S ). This choice of notation differs from that of [Wa2] 
where irreducible Heegaard splittings are called minimal—partly 
due to the then common (but wrong) expectation that these two 
notions are the same anyway. But the above conjecture of Wald­
hausen is known to be false for irreducible Heegaard surfaces since, 
according to Casson and Gordon (unpublished), there are closed 
3-manifolds which contain irreducible Heegaard surfaces of any 
genus. It is further not difficult to construct 3-manifolds which 
contain infinitely many nonisotopic, minimal Heegaard splittings. 
In the following we are concerned with the sets %f(N,m) of all 
(isotopy classes of) Heegaard surfaces F in N with ~x{F) - m . 
Given a Heegaard surface F e 3P(N9 m), let us further denote 
by 3?(F) the set of all maximal systems of simple closed, non-
contractible and pairwise nonparallel curves in F which bound 
a system of discs on one side of F . 

Because of the early difficulties with Heegaard surfaces, Haken 
[Hal, Ha2] suggested to approach the classification problem via 
a study of the more accessible class of essential surfaces in 3-
manifolds, and to exploit Heegaard surfaces (or better Heegaard 
diagrams) for this purpose. Here an orientable surface is essential 
if it does not bound a ball and cannot be ( d-)compressed along a 
disc, and S^(N, m) denotes the set of all isotopy classes of essen­
tial surfaces S in the 3-manifold TV with x(S) = —m. Essential 
surfaces, different from the 2-sphere, exist in many 3-manifolds, 
notably all 3-manifolds with infinite first integer homology and so, 
e.g., for all 3-manifolds which have a boundary component differ­
ent from a 2-sphere. Three-manifolds which are ( d-)irreducible 
and contain essential surfaces are today called Haken 3-manifolds 
since Haken obtained basic results of far-reaching consequences 
concerning essential surfaces in 3-manifolds. Specifically, he asso-


