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HEEGAARD SURFACES IN HAKEN 3-MANIFOLDS 

KLAUS JOHANNSON 

The purpose of this note is to announce, for the case of Haken 
3-manifolds, a complete solution of Waldhausen's conjecture con­
cerning finiteness for Heegaard surfaces. 

It is a classical result due to Moise [Moi] that all compact (ori­
entable) 3-manifolds N have finite triangulations. Closely related 
to triangulations are Heegaard graphs, i.e., those finite, possibly 
disconnected, graphs r in N with TndN = dT and the 
property that (JV- UÇT))~~ is a handlebody (here £/(..) denotes 
the regular neighborhood in N). Indeed, the 1-skeleton of any 
triangulation of N is a Heegaard graph—but of course not vice 
versa. A surface F in N is a Heegaard surface, provided there 
is a Heegaard graph r in JV such that F is isotopic in N to 
dU(T\JdN)-dN.If F is a Heegaard surface, the pair (N, F) 
is called a Heegaard splitting for TV. Heegaard splittings are inde­
pendent of triangulations, and yet closely connected to them.This 
suggests we should use them for a classification of 3-manifolds. 
In this context Reidemeister [Re] and Singer [Si] showed that the 
existence of a common subdivision for any two triangulations im­
plies that Heegaard surfaces in 3-manifolds are stably isotopic, i.e., 
isotopic modulo finite connected sums with the standard torus in 
S . Based on this observation, Waldhausen [Wal] proved that any 
two Heegaard surfaces of S3 are isotopic iff they have the same 
genus. Using different methods, this result has been extended to 
Heegaard surfaces of lens spaces [Bo, BO] and minimal (see be­
low) Heegaard surfaces of the 3-torus [FH]. However, in [BGM] 
explicit examples of irreducible 3-manifolds are constructed with 
at least two nonhomeomorphic Heegaard splittings. In fact, it is 
now clear [BRZ] that uniqueness of Heegaard surfaces fails dras­
tically and is a rather special phenomenon for 3-manifolds. In 
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this context Waldhausen raised in 1978 the following problem for 
closed 3-manifolds N : 

Waldhausen Conjecture. [Wa2] Show that N has only finitely many 
isomorphism classes (or even isotopy classes) of minimal Heegaard 
splittings. 

Given any of these, give a procedure to obtain the others. 

Here a Heegaard splitting (M, S) is called minimal if the Euler 
characteristic of S is as large as possible, and it is called irre­
ducible if it cannot be obtained from some other Heegaard splitting 
by adding a trivial 1-handle (= connected sum with the standard 
torus in S ). This choice of notation differs from that of [Wa2] 
where irreducible Heegaard splittings are called minimal—partly 
due to the then common (but wrong) expectation that these two 
notions are the same anyway. But the above conjecture of Wald­
hausen is known to be false for irreducible Heegaard surfaces since, 
according to Casson and Gordon (unpublished), there are closed 
3-manifolds which contain irreducible Heegaard surfaces of any 
genus. It is further not difficult to construct 3-manifolds which 
contain infinitely many nonisotopic, minimal Heegaard splittings. 
In the following we are concerned with the sets %f(N,m) of all 
(isotopy classes of) Heegaard surfaces F in N with ~x{F) - m . 
Given a Heegaard surface F e 3P(N9 m), let us further denote 
by 3?(F) the set of all maximal systems of simple closed, non-
contractible and pairwise nonparallel curves in F which bound 
a system of discs on one side of F . 

Because of the early difficulties with Heegaard surfaces, Haken 
[Hal, Ha2] suggested to approach the classification problem via 
a study of the more accessible class of essential surfaces in 3-
manifolds, and to exploit Heegaard surfaces (or better Heegaard 
diagrams) for this purpose. Here an orientable surface is essential 
if it does not bound a ball and cannot be ( d-)compressed along a 
disc, and S^(N, m) denotes the set of all isotopy classes of essen­
tial surfaces S in the 3-manifold TV with x(S) = —m. Essential 
surfaces, different from the 2-sphere, exist in many 3-manifolds, 
notably all 3-manifolds with infinite first integer homology and so, 
e.g., for all 3-manifolds which have a boundary component differ­
ent from a 2-sphere. Three-manifolds which are ( d-)irreducible 
and contain essential surfaces are today called Haken 3-manifolds 
since Haken obtained basic results of far-reaching consequences 
concerning essential surfaces in 3-manifolds. Specifically, he asso-
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dated (in a slightly different terminology) to any F e J?(N9 m) 
and to any k e X{F) a certain polynomial ƒ = fiF k,, and 
showed that every essential surface S in a simple 3-manifold TV 
can be isotoped so that afterwards (1) #(5 n f ) < f(xS) and (2) 
S n F c U(k). Here a Haken 3-manifold is simple if it contains 
no essential annuli and tori. To appreciate the significance of this 
theorem, notice that, e.g., the finiteness of the sets ^(N 9 m) is 
an immediate consequence for all simple 3-manifolds N. Us­
ing the work of Hemion, together with the characteristic submani-
fold theory, this finiteness theorem ultimately yields, among other 
things, a solution of the homeomorphism problem for Haken 3-
manifolds [Ha2, He]. From a numerical point of view, the above 
result of Haken is less satisfying, for a computation of the poly­
nomials f F k, requires the determination of a positive basis of 
certain systems of linear equations which are in general also rather 
large. Using different methods however, Haken [Ha3] managed to 
demonstrate that a great improvement of the relevant estimate is 
possible in the case of 2-spheres. Indeed, he showed the existence 
of essential 2-spheres in 3-manifolds intersecting a given Heegaard 
surface in one curve only, provided the 3-manifold contains an es­
sential 2-sphere at all. In [Och, Ko, CH] similar results have been 
obtained in the special cases of projective planes, as well as non-
separating tori and Klein bottles in orientable and nonorientable 
3-manifolds of Heegaard genus 2; but there is certainly no reason 
to always expect essential surfaces intersecting a given Heegaard 
surface in just one curve. At this point notice that Haken's above 
2-sphere result is not only a result about 2-spheres, but also a result 
about Heegaard surfaces since, according to his result, the mini­
mal number of intersections of 2-spheres with Heegaard surfaces 
does not depend on the actual choice of the Heegaard surface at 
all. Here is a generalization of this aspect of Haken's theorem. 

Theorem 1. To any Haken 3-manifold N, there is associated a 
polynomial function ^ : N x N - > N and, to every Heegaard sur-
face F in N, there is associated a finite and constructible subset 
<2f(F) c 3f(F) with the following property: Every essential surface 
S in N can be isotoped so that afterwards 

(1) hSnF cU(k), for some ke£f(F), and 
(2) #(hSnF)<g{XS,xF), 

for some finite product h of Dehn twists along essential tori in N. 
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There is also a version of this theorem for normal surfaces in 3-
manifolds—including essential 2-spheres. The method of proof is 
different from Haken's approach and so represents an independent 
basis for Haken's normal surface theory. In contrast to Haken's 
theory, however, there is a simple formula for the function g 
which avoids the computation of positive basis at all. A com­
putation of this function in special cases yields Haken's 2-sphere 
result as well as the forementioned extensions given in [Och, Ko]. 

Technically, Theorem 1 may be read as a result about essen­
tial surfaces in «-relator 3-manifolds, where, by definition, an n-
relator 3-manifold, notation M+(k), is given by some handlebody 
M with n 2-handles attached along a system k of n curves in 
dM. The theorem may be interpreted as saying that the study 
of essential surfaces in «-relator 3-manifolds M+(k) (and so in 
all Haken 3-manifolds) can be reduced to the study of essential 
surfaces in the relative handlebody (M, k). Now, essential sur­
faces in relative handlebodies turn out to be rather accessible. In 
fact, a number of results about 3-manifolds have their counterparts 
for relative handlebodies—but are much easier to prove for the lat­
ter. Specifically, we can give a computational form of the Poincaré 
map for relative handlebodies which allows the computation of the 
Thurston norm for relative handlebodies, and so, by Theorem 1, 
for Haken 3-manifolds. Moreover, we can show that incompress-
ibility for surfaces in 3-manifolds can be decided in polynomial 
time (w.r.t. the Euler characteristic). Theorem 1 tells us that in 
any «-relator 3-manifold M+(k) the intersection of essential sur­
faces with the attached 2-handles is limited. This intersection is 
not necessarily empty, i.e., 2-handles and surfaces are not neces­
sarily disjoint, but the underlying obstruction to disjointness can 
be understood for essential surfaces. Indeed, there are two simple 
geometric operations for surfaces, which we call "annulus-" and 
"torus-modifications," and which turn (modulo handleslides) es­
sential surfaces in M+(k) into surfaces avoiding at least one of 
the 2-handles, without decreasing the Euler characteristic of the 
surface and without leaving its homology class. A particular in­
teresting case occurs when M+{k) is a one-relator 3-manifold. 
In this particular case it also follows that any essential disc in 
an irreducible one-relator 3-manifolds can be isotoped out of the 
2-handle (improving results of [Pr, Ja, Joh 2, Sch] and others). 
The cocore of the 2-handle is a proper arc t in the 3-manifold 
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N - M+(k) whose complement is a handlebody, and such an arc 
is called a Heegaard string. Since splitting N along an essential 
surface avoiding t is again a one-relator 3-manifold, the above 
result yields inductively a hierarchy of N which is disjoint to t. 
Studying arcs in the complement of hierarchies, we obtain the fol­
lowing: 

Proposition 2. Let t be a Heegaard string in a 3-manifold M 
which can be deformed (modulo endpoints) into dM. Then M 
is a handlebody and t is unknotted. 

This result, taken together with the characteristic submanifold the­
ory [Johl] (see also [JS]), yields the following result about the rel­
evant mapping class groups. 

Proposition 3. Let M+(k) be a one-relator 3-manifold which is ir­
reducible and d-irreducible. Let (p : 7c0Diff(M, k) —• 7i0DiffM+(fc) 
be given by extension. Then there is a, possibly nonorientable, sur­
face S with nx(S) = kern tp . In addition, S is bounded if M+(k) 
is not the I-bundle over some surface, and it is the disc if M+(k) is 
a simple 3-manifold. 

As a consequence we obtain that the mapping class group of a 
simple one-relator 3-manifold is a subgroup of a dihedral group, 
provided its minimal Heegaard splitting is unique (up to isotopy). 

Theorem 1 may also be read as a statement about Heegaard 
graphs in Haken 3-manifolds. Indeed, it says that modulo edge-
slides and Dehn twists along essential tori there is, for any fixed 
essential surface S in N, a constant cs such that # ( r n S ) < cs , 
for all Heegaard graphs T in N. Now, according to [Ha2], every 
essential surface can be taken as the beginning of a hierarchy of es­
sential surfaces, and a complexity which measures the complexity 
of embedding types of Heegaard graphs with respect to hierar­
chies may be defined. It turns out that whenever this complexity 
increases over a certain constant (depending on N alone), one of 
a small list of simple geometric objects emerges, which then can 
be analyzed directly. The formal result of this analysis reads as 
follows: 

Theorem 4. Let N be a Haken 3-manifold (closed or not), and 
let s/(N) denote the subgroup of the mapping class group of N 
generated by all Dehn twists along tori. Then, for every integer m, 
the quotient ^{N, m)/s/(N) is finite and constructible. 


