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NOT ALL LINKS ARE CONCORDANT TO BOUNDARY LINKS 

T. D. COCHRAN AND K. E. ORR 

0. INTRODUCTION 

A link is a smooth, oriented submanifold L = {Kx, . . . , Km} 
of Sn+ which is the ordered disjoint union of m manifolds each 
piecewise-linearly homeomorphic to the «-sphere (if m = 1, L 
is called a knot). Knots and links play an essential role in the 
classification of manifolds and, in this regard, perhaps the most 
important equivalence relation on links is that of link concor­
dance. LQ and L{ are concordant if there is a smooth, oriented 
submanifold C = {Cx, . . . , Cm} of Sn+2x [0,1] which meets the 
boundary transversely in dC, is piecewise-linearly homeomorphic 
to L0 x [0, 1] and meets Sn+2 x {/} in L. for / = 0, 1. The 
particular situation which led to the introduction of this equiva­
lence relation and which indicates its importance is as follows. If 
S is an immersed 2-disk or 2-sphere in a 4-manifold X, x0 is a 
singular value and B is a small 4-ball neighborhood of x 0 , then 
S n B is a link in *S3. If L were concordant to a link whose 
components bound disjoint 2-disks in S3 (the latter is called a 
trivial link) then the singularity at x0 could be removed. Thus 
the fundamental problem is to classify (for fixed m, n) the set of 
concordance classes. 

In the mid-1960s M. Kervaire and J. Levine gave an algebraic 
classification of the high-dimensional (n > 1) knot concordance 
groups [L2]. For even n these are the trivial group and for odd 
n they are infinitely generated. In a sequence of papers S. Cappell 
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and J. L. Shaneson showed that these groups play the role of a 
natural coefficient system for the general study of piecewise-linear 
immersions and embeddings (see [CS2] for a survey). A com­
putable classification of link concordance should prove equally en­
lightening. More recently, M. H. Freedman has shown that certain 
three-dimensional link concordance problems constitute a univer­
sal surgery problem in dimension four, and lie at the heart of the 
unresolved four-dimensional topological surgery conjecture [FQ]. 
Thus these problems are obstacles to classification results for topo­
logical 4-manifolds. 

One serious dilemma has been the apparent lack of a group 
structure on the set of equivalence classes. For knots, the following 
"connected-sum" operation does induce an abelian group structure. 
Given knots K and K' in Sn+2 separated by a hyperplane P, 
choose two embedded arcs which begin at K (respectively, K'), 
end at P and are otherwise disjoint from ^ U ^ ' u P . The knot 
K$Kl is given by "tubing" K to K' along the arcs. The obvi­
ous analogue for m > 1 (choosing m pairs of arcs) fails to be 
independent of the arcs. 

Extending Levine's knot classification to links is also difficult 
because it is known that the fundamental group of the exterior of 
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the link (n^S"* - ( I x ö 2 ) ) ) carries vital information, but these 
groups are large, typically containing non-abelian free subgroups. 
Moreover these groups are not invariant under concordance. The 
inclusion of a link exterior into a concordance exterior induces an 
isomorphism on integral homology but not on fundamental group. 

However, the knot classification techniques do extend to a spe­
cial class of links called boundary links. Recall that a Seifert man­
ifold for a component Kt of L is a compact, oriented, connected 
submanifold of Sn+1 whose boundary is Kt. A boundary link is 
one which admits a collection of pairwise disjoint Seifert mani­
folds, one for each of its components. Since Kervaire and Levine 
relied heavily on Seifert manifolds, their techniques extend. More­
over, connected-sum can be used to define a group operation on 
this class of links. Cappell and Shaneson were the first to classify 
boundary links modulo a similarly restricted type of concordance. 
Their techniques of homology surgery suggested further progress, 
culminating in the work of J. Le Dimet (see §3) [CS1, LD]. 

The only heretofore realized obstructions to a links being con­
cordant to a boundary link were Massey products in the link ex-


