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DEFORMATION RIGIDITY FOR SUBGROUPS OF SL(n, Z) 
ACTING ON THE n-TORUS 

STEVEN HURDER 

ABSTRACT. We announce and give a sketch of the proof of the 
result: 

Theorem 1. For n > 3 , the standard action of SL(n, Z) on 
Tn is smoothly and analytically rigid under C -deformations. 

Several related results concerning rigidity of actions of sub­
groups of SL(n, Z) on Tn that follow from our method are 
also discussed. 

§ 1. RIGIDITY THEOREM 

The natural action of the determinant-one, integer n x «-matri­
ces SL(n,Z) on Rn preserves the integer lattice Zn ; hence for 
each subgroup T c SL(n, Z) there is an induced standard action 
on the quotient «-torus, <p : T x Tn —• Tn . A basic problem is to 
understand the smooth actions near to such a standard action in 
terms of their geometry and dynamics (cf. [8, 19]). In this note 
we announce results which classify 1-parameter deformations of 
standard actions. 

A Ck -deformation of (p is a 1-parameter family of C°°-actions 
q>t : T x T" -* Tn, 0 < t < 1 such that y0 = (p and for each 
y e T, the C°°-maps <pt(y) depend Ck on the parameter t. 
That is, cpt{y) is a C^-path in the Frechet space Diff°°(Trt). A 
Ck -deformation is trivial if it is implemented by a Ck -family of 
inner automorphisms of Diff°°(Tn). That is, there exists a 1-
parameter family of C^-diffeomorphisms Ht\T

n —• Tn which 
depends C on the parameter, and for all y e T satisfies 

(1) Kl ° 9t(v) o Ht = q>{y) ; 0 < t < 1. 
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We say that (pt is locally trivial if Ht as above exists for 0 < t < e 
for some e > 0. The action <p is smoothly C -{locally) rigid if 
every C -deformation is (locally) trivial. When the deformation 
cpt consists of real analytic maps, then we can require that each 
Ht be real analytic, which leads to the corresponding notion of 

analytically C -{locally) rigid. 

Theorem 1. Let Y c SL{n, Z) be a subgroup of finite index with 
n > 3. Then the standard action of Y on Tn is smoothly and 
analytically Cl-rigid, and C°-locally rigid. 

The conclusion of the theorem is false for n = 2 : There exists 
finite-index subgroups of SX (2, Z) freely-generated by two hyper­
bolic elements, and their action on T2 can be smoothly deformed 
using the examples of (§24, [1]) to a topologically equivalent ac­
tion for which the generators are not smoothly conjugate to their 
standard action. (The obstruction is that the stable and unstable 
foliations for the deformed actions are not even C 2 , hence are 
not conjugate to linear foliations [1, 9].) 

The conclusion of the theorem can be reinterpreted as stating 
that every C^-path, starting at the standard action, in the space of 
representations <9?{Y, G) for G = Diff {Tn) with r = œ or co, 
is obtained by conjugating <p with a path in G starting from the 
identity. 

The tangent space of R(T, G) at (p maps to the space of in­
finitesimal deformations of (p , which are identified with the first 
cohomology group HX{Y\ Vect°°(Tw)). Here, V e c t 0 0 ^ ) denotes 
the Frechet T-module of smooth vector fields on Tn. J. Lewis 
proved in his thesis [10] that for n > 7 and T of finite-index, 
Hl{r]Vect°°{Tn)) is zero, so that the standard action is infinites-
imally rigid. It is unknown whether this group must vanish for 
nonalgebraic actions of T, especially those which do not preserve 
a smooth volume form on T" . 

The proof of Theorem 1 has two main steps, which are de­
scribed in more detail in §§2,3 below. We first prove topological 
rigidity; that is, we show there exists a homeomorphism Ht of Tn 

satisfying (1) above. This result holds in much greater generality 
than T of finite index—see Theorem 2 below. We assume the 
existence of an element y G Y which acts on Tn as an Anosov 
diffeomorphism; then by the unique structural stability for toral 
Anosov diffeomorphisms [1, 5, 17] there is a unique candidate 


